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Abstract

Markov models have been a keystone in Artificial Intelligence for many decades. However,
they remain unsatisfactory when the environment modeled is partially observable. There
are pathological examples where no history of fixed length is sufficient for accurate deci-
sion making. On the other hand, working with a hidden state (such as in POMDPs) has a
high computational cost. In order to circumvent this problem, I suggest the use of a context-
based model. My approach replaces strict transition probabilities by a linear approximation
of probability distributions. The method proposed provides a trade-off between a fully and
partially observable model. I also discuss improving the approximation by constructing
history-based features. Simple examples are given in order to show that the linear approx-
imation can behave like certain Markov models. Empirical results on feature construction

are also given to illustrate the power of the approach.



Résumé

Depuis plusieurs décennies, les modeles de Markov forment une des bases de 1’Intelligence
Artificielle. Lorsque 1’environnement modélisé n’est que partiellement observable, cepen-
dant, ceux-ci demeurent insatisfaisants. Dans certains cas, un historique de taille finie n’est
pas suffisant pour une prise de décision correcte. D’un autre coté, faire appel au concept
d’état caché (tel que pour les POMDPs) implique un cotit computationnel plus élevé. Afin
déviter ce probleme, je propose l’utilisation d’'un modele se servant du contexte. Mon
approche substitue une approximation linéaire des distributions de probabilités aux prob-
abilités de transition strictes d’'un modéle de Markov. La méthode proposée permet un
compromis entre un modéle partiellement observable et un modéle completement observ-
able. Je traite aussi de la construction d’éléments liés a un historique afin d’améliorer
I’approximation linéaire. Des exemples restreints sont présentés afin de monter qu’une
approximation linéaire de certains modeles de Markov peut étre atteinte. Des résultats em-
piriques au niveau de la construction d’éléments sont aussi présentés afin d’illustrer les

bénéfices de mon approche.
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CHAPTER 1

Introduction

Machine Learning is a branch of Artificial Intelligence which is concerned with algorithms
that can discover patterns in data. In general, the goal is either to model future data (to
predict it) or to improve the performance of a system from experience. In this thesis, I
am particularly interested in studying how we can learn to predict sequences of symbols,
also called time series. The simplest type of predictive models, Markov Models, work well
for learning sequences from simple histories, but fail to transfer knowledge to new tasks
efficiently. Part of the problem is that they are too strict in their definition of history, which
is used to predict the future. It therefore seems crucial to look for a way of relaxing the way
we look at the past when attempting to produce a prediction. My proposal is to use a more
compact representation of the past than used by the above models in order to generalize
better.

Most of the work on prediction either assumes a model of the abstract structure of the
problem (such as HMMs [Rabiner, 1989]) or assumes that it will be built implicitly as part
of the learning algorithm [Elman, 1990].

In this thesis I develop an algorithm which can achieve good prediction capacities. Al-
though these associations do not help in the context of a single task, we can hope that they
allow the system to carry abstraction information across tasks. The algorithm which I pro-
pose is relatively simple, making use of ideas from Sparse Distributed Memories [Kanerva,

1993] and neural networks. The first version of the algorithm uses a compact encoding of



1.1 STATEMENT OF ORIGINALITY

the history into a single, real-valued vector in order to predict sequences. This portion of my
thesis has originally been described in [Bellemare and Precup, 2007]. The second version
of the algorithm improves this work by adding the capacity to construct more complicated
features which help prediction.

A review of existing ideas related to my proposal is given in Chapter 2, where I discuss
the above algorithms and more recent work in sequence prediction. I investigate state-based
representations, followed by suffix trees which attempt to depart from this notion of state. I
also explain neural networks, related to my algorithm in their nature, and Sparse Distributed
Memories, from which I borrow the notion of hard locations. In Chapter 3 I describe
the basic version of the algorithm. In Chapter 4 I give experimental results concerning
this basic algorithm that show that it can correctly model simple tasks. In Chapter 5 I
detail a feature construction algorithm which gives additional representational power to
the system, and give a proof of convergence for the feature construction process. Chapter
6 gives experimental results for this feature construction mechanism which shows that it
outperforms the basic predictive model in many ways. Finally, 7 discusses the advantages
and weaknesses of the algorithm and suggests a few lines of inquiries which may yield

improved results.

1.1. Statement of Originality

Portions of this thesis have been previously published in the peer-reviewed conference

proceedings of the Twentieth International Joint Conference on Artificial Intelligence.



CHAPTER 2

Background

Chapter Outline
In this chapter, I provide background information on temporal prediction and learn-

ing methods for such models.

2.1. Temporal Prediction

To predict is defined in the Merriam-Webster dictionary as “to declare or indicate in
advance; esp: foretell on the basis of observation, experience or scientific reason”!. This is
interesting in two ways: first, it suggests that an act of prediction should provide informa-
tion about the future, without actually having observed it. Most importantly, the emphasis
is put on the notion of experience and reason. Prediction does not need to be determin-
istic, but it certainly needs to provide reasonable estimates of future events. Furthermore,
an agent which must take decisions in an environment must necessarily have a predictive
model of the world incorporated in its system, implicitly or explicitly.

I am most interested in predicting sequences of observations, rather than one-shot
events (for example, determining whether a patient has a given disease). The latter class of
predictions has been extensively studied; belief networks [Neal, 1992] are geared towards
this type of task. Temporal prediction can in fact be tackled using the similar technology
of dynamic belief networks [Boyen and Koller, 1998]; however, the structure of the belief

network often needs to be carefully crafted in advance. Temporal prediction as discusse in

'Merriam-Webster’s Collegiate Dictionary, Tenth Edition. Merriam-Webster Inc., Springfield MA, 1999, p.
918.



2.1 TEMPORAL PREDICTION

this thesis can be viewed entirely as the following: prediction is the act of the determin-
ing as exactly as possible what event or events will come next given a certain history (a
sequence of past events). This notion is crucial to intelligence as it allows an agent to plan
the consequences of its actions over time. Another use of a good prediction model is to
verify whether a given sequence behaves as expected, for example when monitoring fac-
tory processes over time. This field is referred to as anomaly detection. Before reviewing
the various proposals for coping with temporal prediction, I will present a glossary of most
variables used throughout this chapter. I have tried as much as possible to use the same
variable for similar concepts, although for the sake of clarity have sometimes chosen to

keep the notation from the original articles.



2.2 MARKOV MODELS

Name Meaning
t A time variable, used to represent discrete time steps
S, s, S A state variable and an instance of a state; the state at time ¢

Z,z An observation, in partially observable models
A a An action taken by an agent

C; A hard location or ‘center’

D; An output vector corresponding to C;

H, A history: the sequence of states sq, sa, . .., S; or observations

n The number of possible states

m The number of possible observations

k The number of past states considered by the algorithm

(e.g. k' order Markov Model)

T The length of an episode (sequence of states until termination)
Lo The size of an input vector, or of an observation

Lp The size of an output vector

T An input to the algorithm
B8, 8 Some auxiliary output produced internally by the algorithm
Y,y An output of the algorithm

0 A desired target value, used during training

b; A belief vector at time ¢

w, Wi, Wi ; | A set or vector of weights, or a weight from ¢ to j
K A normalizing constant

2.2. Markov Models

A standard framework for temporal prediction is that of Markov Models [Shannon,
1951]. In its simplest form, a Markov model contains a set of states in which the system
can be. Given a discrete time scale, S; is a random variable describing the state of the
system at time t. Let H; = 51, 5s,...,.5; be the history at time ¢. For a simple Markov

Chain, we have



2.3 HIDDEN MARKOV MODELS

P{St|Ht_1} - P{St|51, 52, ey St—l} - P{St|5t—1} (21)

This is a strong assumption, but which can be interpreted as follows: the state S;
contains all of the information about the system to be able to predict S;. This is called
the transition probability from state S;_; to S;. Classical physics, for example, falls under
this model if it is assumed that the forces in presence are known - in fact, the system then
becomes deterministic. In general, one can define a k" order model as one where the
distribution of \S; only depends on the last k events in the history.

The simplest way of learning in a Markov Model is simply to use a Maximum Like-

lihood approach. Given n possible states such that S; € {1,2,...,n}, and assuming a
long sequence of states given as data, define (/V;|s1, o, . . ., S;) the number of times that
state ¢ is observed when the last k& states were exactly s, sg, ..., S;. Then the maximum

likelihood estimate for P{S; = i|S;_1 = $1,S1_2 = So, ..., Si_r = Sk} is

(Nils1,82,. .., 58)
25/17857"'75;@ (NZ|S,17 5/27 SR S;g)

This is a purely tabular method: the probability of each observation after each his-

p{St = i‘St—l = S1, St—2 = 82,..., St—k = Sk} = (22)

tory is represented independently, as an entrry in a table and no dependence assumption
between different histories is made. As such, this method requires a number of parameters
exponential in the length of the history &, which makes it too cumbersome for most appli-
cations. Nevertheless, this framework is intuitively very powerful exactly because it allows

complete independence between different histories.

2.3. Hidden Markov Models

A common relaxation of the problem, called Hidden Markov Models, is to assume
that there is no way of directly knowing the state of the system. Rather, the system emits
an observation Z; at each time step (Fig. 2.1). In addition to .S; being determined solely
by S;_1, it is also assumed that P{Z;|S;, Z;_1,Si_1,...,51} = P{Z|S;} - states emit

observations independently of previous observations or states.



2.3 HIDDEN MARKOV MODELS

FIGURE 2.1. A Hidden Markov Model, where Y; are observations and X4, states,
both occuring over time.

This framework is surveyed in [Rabiner, 1989]; it is often seen as a better model of
real life systems, where there is only access to sensor data and never to the “true” state
of the world. Unfortunately, it is well known that in general, no history of fixed length is
sufficient to predict future events.

A Hidden Markov Model is described by the following parameters: p; ; = P{S; =
J1Si—1 =1}, 0i(k) = P{Z;, = k|S; = i} and m; = P{S; = i}, where S is the initial state.

The main approach to using HMMs consists in working directly with the state by
keeping track of a belief vector b,. This vector is defined as b,(i) = P{S, = i|H,_1}.
Clearly, by (1) = m;. Then obtaining by simply involves applying the following update

equation:

Lo
bi(i) = — > 10z () (2.3)
j

 1s simply a normalizing constant such that b: is a proper probability distribution.
This equation can easily be obtained by using the Law of Total Probability. Given this, it

becomes possible to predict future observations by simply considering the fact that

P{Z|H;1} = ZP{Zt|St =i} P{Sy = i|H;1} (2.4)



2.3 HIDDEN MARKOV MODELS
2.3.1. Learning From Data

As described in Section 2.2, one task of interest is to be able to learn the parame-
ters of the model from the data. In this case, data is usually one or many sequence(s) of
observations, with either p; ;, 0;,(k) or 7; - or all three - being unknown.

The main issue in this case is that, since S; is never observed, the learning algorithm
must “fantasize” it. The Baum-Welch algorithm [Rabiner, 1989] does exactly this. This
algorithm is a type of Expectation-Maximization algorithm: it makes an initial guess for
the parameters to be estimated, then generates fictitious state data based on the observation
sequences, and re-estimates the parameters from these.

Formally, for a known observation sequence 21, ..., zr of length 7', define (i) =
P{Zy = 21,7y = 2z9,...,Zy = %,S, = i}. This value can be computed inductively as

follows:

aq (Z) = WiOi(Zl)

C)zt+1(j) = (Z at(i)pi,joj(ztﬂ)) fOI' 1 S t S T -1
i=1

Of interest is the fact that P{Zy,...,Zr} = >, ap(i): the probability of the ob-
servation sequence can easily (in time O(nT')) be computed when the model is known.
Anomaly detection would require a good estimate of these probabilities. The computation
of ay(7) is known as the forward pass.

Similarly, the value 53,(i) = P{Z;11 = 2111, Zi12 = Zt42,. .., Z7 = 27|S; = i} can be
computed inductively. This is known as the backward pass, and is given by the following

equations:
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ﬂT(i) =1
Bi(i) = Zpi,joj(ztﬂ)ﬂtﬂ(j)

These two sets of values can then be used to compute &,(i,j) = P{S; = i, 511 =
JjlZy, ..., Zr}, through the following formula (which is similar to the belief update equa-

tion):

6,J) = ~ulpiso (e ) @5

r; ensures that 3, - &(i,j) = 1. The important thing to note is that (i, j), along
with an additional variable ;(i) = > 7_, &(i, ), gives us a probability of a transition
occuring from state ¢ to j or, respectively, of being in state 7. As such, for a given trajectory
Zthl &:(i,7) represents a fictitious “count” of how many times a transition from i to j
occcured. Applying the same reasoning to ~y,(i) allows the estimation of the transition

probabilities as

s Z ft(Z J)
b Zt 1 Vt()

Equations for estimates of 0;(k) and 7; can also be derived in this fashion. It is clear

(2.6)

from this description that the learning process here is one of Expectation-Maximization.
The main issue that arises is that the number of states must be specified. This is a major
constraint as the system might not have sufficient representational power to properly predict
observations if, say, too few states are used. On the other end of the spectrum, adding too
many states would result in rote learning. For example, one solution is to assume that no
state is ever visited twice, and to create sequences of states which explicitly mimic the
observation sequences.

My proposed algorithm, which I will describe in Chapter 3, does not require any as-
sumption on the underlying state. Rather, the assumption is that there are sufficiently many

observations to be able to approximately predict the behavior of the system solely through
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the observation history. This is clearly not something that holds in general; but high sen-
sory information tasks such as sound and vision often have more observations than states,

in which case it might be useful to not have to guess the exact number of states.
2.3.2. Partially Observable Markov Decision Processes

Although so far I have discussed prediction over a sequence of observations, a large
part of the research in this area is devoted to action-conditional predictions. Although this
thesis does not attempt to work on this issue, it is important to mention the distinction
between the two. In a Partially Observable Markov Decision Process (POMDP) there is
an agent which must decide on an action A; to take at every time step. It is in other
points similar to a HMM, except that at every step, the agent receives a real-valued reward.
The agent’s goal is to select the action which maximizes the sum of discounted future
rewards. The transition probabilities become P{S;;1 = i|S; = j, A, = a}. Observation
probabilities also depend on the action taken.

This framework is related to this thesis because it is used for modelling planning tasks
[Kaelbling er al., 1998]. As such, it is important to obtain a good predictive model: since
the true state is never observed, the system must learn to predict future rewards and obser-
vations from its history. The main difference with learning to predict in this framework, as
opposed to HMMs, is that the learner picks actions, therefore influencing the sequence of
observations. Nevertheless, if one assumes that actions are picked with a certainly prob-
ability which only depends on the state (and are not determined by the agent), then the

framework becomes equivalent to an HMM.

2.4. Probabilistic Suffix Trees and Related Models

Another approach to learning to predict sequences of observations is that of using a
suffix tree. It was shown in [Ron et al., 1996] that Probabilistic Suffix Trees (PSTs) could
be used to model Probabilistic Suffix Automata (PSAs). PSAs are of interest because they
are another way of representing states and observations. Formally, a PSA is a special case

of a Probabilistic Finite Automata: at every time step, the system transits from one state to

10



2.4 PROBABILISTIC SUFFIX TREES AND RELATED MODELS

FIGURE 2.2. An example Probabilistic Suffix Tree. Left branches indicate the
addition of a ‘0’ prefix, whereas right ones indicate the addition of a ‘1’ prefix.

another probabilistically. Upon entering a state, a symbol (an observation) is deterministi-
cally emitted. In the case of the PSA, more than one symbol can be emitted at every step;
observations are strings of symbols of length at least 1. Furthermore, the set of possible ob-
servations has the property that it is suffix free: no observation string is a suffix of another.
The PSA is a very concise way of viewing a sequence of observations, solely requiring that
any state be distinguishable from another through some variable length string. [Ron et al.,

1996] also makes the assumption that the length of an observation string be bounded.
2.4.1. Probabilistic Suffix Trees

A Probabilistic Suffix Tree is a tree whose nodes are labeled with observation strings.
Furthermore, it has the property that a node’s parent’s label is its label’s suffix. In order
words, going down one level in the tree adds one symbol at the beginning of the nodes’ la-
bel. Finally, each branch in the tree is labeled with the probability of that the corresponding
symbol was observed. Figure 2.2 shows an example of a PST.

If one were to build a PST from a PSA, then the leaves would represent states in the
automaton: in this case, the distribution over the next symbol is well defined. Since a
PSA’s states are all labeled by a unique suffix, there is clearly a way of modeling it using
a PST. In [Ron er al., 1996], the authors describe an algorithm for constructing a PST
from data (assumed to be generated by a PSA). They also give PAC bounds on the required

number of samples for their algorithm to converge, and show its performance on recovering
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FIGURE 2.3. Example Markov Chain where no history of a fixed length is suffi-
cient to predict the outcome with complete accuracy.

corrupted text and modeling DNA sequences. Although intuitive, this framework suffers
from the drawback that a suffix tree is a memory intensive data structure, compared to
more compact representations such as HMMs. It can also require many data points, since
each leaf is seen as an additional state. The authors also acknowledge the fact that the PST
algorithm cannot perfectly model general Probabilistic Finite Automata: typical tasks on
which HMMs concisely represent the observation sequences (such as ones generated by

the automata in Figure 2.3) may not be well represented by PSTs.
2.4.2. Looping Suffix Trees

In [Holmes and Isbell, 2006] the authors propose an improvement over the PST model
which adds representational power to it. In short, their contribution to PSTs is to allow
nodes which explicitly ‘loop’ back to a previous suffix. In terms of observation sequences,
this is described as follows: suppose that there are two sequences, h and ¢, such that h = eq,
i.e. ¢ is a suffix of h. Furthermore, suppose that there is no predictive difference between h
and ¢: concatenating an additional sequence p to h or ¢ (to yield ph and pgq, respectively)
results in the same predicted symbol. The authors call e an excisable string, which adds
no predictive information. They show in [Holmes and Isbell, 2006] that predictions of the
form e * ¢ (the infinite set {q, eq, eeq, eceq, . . . }) must be indistinguishable. From this, they

improve Probabilistic Suffix Trees such that if the suffix eq is reached in the tree, then the
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algorithm ‘loops back’ to the node representing ¢q. The paper focuses mainly on theoretical
results concerning the representational power of the approach; little empirical evaluation
has been done with it. Also, the addition of loops does not solve the problems inherent with

using a suffix tree for representing history.
2.4.3. Utile Suffix Memory

Related work which also uses a suffix tree for prediction is that of [McCallum, 1995].
Utile Suffix Memory, one of the proposed algorithms, incorporate the PST in a Reinforce-
ment Learning (RL) framework. RL is concerned with finding sequences of actions which
lead to optimal reward. Reward is usually a numerical value given at each time step; a RL
agent’s goal is to maximize the (discounted) sum of such rewards. In [McCallum, 1995],
PSTs are used to represent the history as a variable length Markov Model, but focusing on
rewards. As such, each node also stores the value of a given suffix. This information -
rather than predictive accuracy - is used to determine whether an additional symbol should
be added at the beginning of a suffix. In order to do so, the author uses a statistical test to
determine whether the distribution of rewards differs significantly between potential child
nodes of a leaf. This approach is interesting because it provides a clearer goal for the
predictive algorithm. It also behaves in an on-line fashion, as opposed to the algorithms
proposed in [Ron et al., 1996; Holmes and Isbell, 2006] which require a large amount of
training sequences to determine whether to add nodes. The main issue here is that using re-
ward for determining whether to split is not always good. For example, it might be the case
that the rewards being given change over time. Although a predictive model that only uses
observations will still be valid, one that is reward-driven might have to re-learn its structure.
This approach also suffers from the same problem as PST, namely that suffixes of infinite
length are not correctly handled. Again, Figure 2.3 is a case where this algorithm would
not perform well. The reason is that both Utile Suffix Memory and PSTs cannot account
for tasks in which the history prefix determines the distribution over future observations.

Other examples can be crafted in which suffix-based models fail.
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Output unit

Hidden units

Input units

FIGURE 2.4. Example feed-forward neural network with one hidden layer.

2.5. Neural Networks for Temporal Prediction
2.5.1. Feedforward Neural Networks

The term “neural networks” represents a large family of algorithms and architectures
sharing common characteristics. In general, a neural network can be decomposed into
units, which perform some functional task based on their inputs. Inputs are either external
to the system (e.g. image data) or come from other units, and are often modified by weights.
The most frequently used type of neural network is a feedforward neural network, depicted
in Figure 2.4.

Formally, a feedforward multilayer neural network has L layers, where the outputs of
layer [ — 1 become the inputs of layer /. A more generalized version allows the outputs of
layer [ — 1 to serve as inputs to layers [, ..., L. The first layer contains the input vector
(the input units); the last layer, usually a single unit, produces the output. The other units
are called hidden units. There is one matrix of weights W' per layer, where W/ is the
vector of weights for unit 7 in layer . Let 3! be the output of unit i in layer /, and 6_7 the
corresponding vector of such outputs. Also, let x be the input to the network. Then in the

feedforward network described above, the following update equations are used to compute

the output y:
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o is the standard sigmoid function, which is used to model a soft threshold function

(0(—o00) = 0 and o(+00) = 1). For a given real-valued input z, it is defined as

1
olx) = 1+e®

As the above update equations suggest, computing the output of the network is sim-

2.7)

ply a question of propagating the input signal up to the last layer, hence the qualificative
“feedforward”.

Learning in neural networks can be accomplished through the Backpropagation algo-
rithm, originally proposed in [Rumelhart er al., 1986]. The algorithm proceeds by propa-
gating the error between the output y and a target value o backwards, from layer L to layer
1. It does so using gradient descent. Many improvements over the basic Backpropagation
scheme have been suggested, such as adding a stochastic term which helps prevent local
minima.

The vast literature on neural networks prohibits a complete survey of the field. This
architecture and its variants have been used for all types of tasks, ranging from Reinforce-
ment Learning in game-playing [Tesauro, 1995] to supervised clustering of data [Hadsell
et al., 2006]. In this case, however, the chief interest is towards temporal prediction. This
task differs from other machine learning problems because the data is not independent and
identically distributed (iid). This is a reformulation of the fact that the last observation is
not sufficient to determine the future. For feedforward neural networks, this is an issue
because there is no obvious way of defining how past inputs affect the current output. The

simplest way is to expand the network’s input layer to containing input vectors from times
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t —1,t —2,... as well as the current one (at time ¢). By the same rationale that k" order

Markov Models fail on certain tasks, this must also fail.
2.5.2. Recurrent Neural Networks

Recurrent neural networks attempt to solve exactly the temporal prediction problem.
Given a sequence of inputs, the algorithm should keep contextual information in a closed
form to predict future observations accurately (the state in HMMs can be seen as a closed
form context). In order to do so, such networks allow for weights over time. Formally,
the inputs to unit ¢ on layer [ are a vector < ﬁf_l, beto;?_l, ﬁtf_ Lyeees ﬁtf_ 1 >. Adding ﬁ?i 1
to the inputs provides a second order model; adding inputs from the other units, however,
yields more representational power. The set of inputs from the previous time step is called
the context vector. Correspondingly, recurrent neural networks can have a weight between
every unit: T/Vijll2 represents the weight from unit ¢ on layer /; to unit 5 on layer /5 (for
simplicity, the previous time step can be viewed as an additional set of layers). [Elman,
1990] shows, through a series of experimental results, that such an augmented network can
learn temporal structure and predict observations based on the past. He also points out to
emerging clustering in how the predictions are ordered: in a simple natural language task,
words which can be used in similar contexts result in similar activations by the network.
This suggests that Elman’s machine not only provides temporal prediction, but also a coarse
form of abstraction based on these predictions. One way to interepret this is to say that some
hidden units in the network learn to summarize contextual information necessary to predict
the future.

Learning weights in a recurrent network, however, is more complex because the gradi-
ent of the error (as in standard backpropagation) propagates through time as well as through
layers. In effect,the network should be unfolded ¢ — 1 times to train the weights at time .
Disregarding this leads to biased learning. Furthermore, recurrent neural networks can in
general be very unstable. This is becacuse having a loop adds the possibly of resonance. If,
for example, unit i on layer [ has a link to itself such that o(W}/3!) > /! for some 3!, then

over time unit ¢ could converge to a high output value. If this happens to the whole network,
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then nothing useful can be recovered from its outputs. One proposed way of handling this
is to limit the norm of the weights [Hochreiter and Schmidhuber, 19971, but this requires a

more careful learning rule than simple backpropagation through time.
2.5.3. Dynamic Neural Networks

Work in the field of neural networks has also been geared towards constructing archi-
tectures from data. Indeed, a major flaw of neural networks is that their use often requires
careful design, to avoid local minima and to optimize the way units learn. One approach
which is of interest is cascade-correlation neural networks [Fahlman and Lebiere, 1990;
Baluja and Fahlman, 1994]. This is only one in many, however; for example, meiosis net-
works [Hanson, 1990] attempt to do something very similar. There are also non-neural
networks approaches to the problem, such as the one proposed in [Utgoff and Precup,
1998]. Cascade-correlation networks, however, are of interest because they relate to the
approach I take to add features, which will be described in Chapter 5.

Cascade-correlation neural networks begin with a network with no hidden units, con-
necting the output unit(s) directly to the input layer. The system is then trained on the data
in this fashion for a certain period of time, which is called the output phase. After this
time, the algorithm determines whether the data is sufficiently well modeled using an error
criterion. If not, it trains a number of candidate hidden units to maximize the correlation
between their output and the error on the data. These candidate hidden units are placed
right before the output layer, and are connected to all units before them (initially, only the
input layer). The training of the candidate units is called the input phase. After this phase,
the system picks the candidate which has the highest correlation and adds it the system
as a hidden unit. Once this is done, however, its input weights are frozen, so that it stops
learning. In effect, the algorithm incrementally adds features that respond to input patterns
which are incorrectly modeled.

Results in [Fahlman and Lebiere, 1990] show that having such an architecture is ben-
eficial in two ways: the network topology does not have to be specified beforehand, and

learning is actually simpler since there are fewer parameters to optimize at any given time.

17



2.6 GRAPHICAL MODELS

Unfortunately, learning in this architecture can also be harder, especially if the data is noisy.
This is because the system has the double task of learning to output the correct value and to
build a structure which helps this learning. It still remains a very appealing framework, at
the very least because in theory its representational capacities are not bounded by too few

hidden units, nor its learning by too many.

2.6. Graphical Models
2.6.1. Dynamic Bayesian Networks

Dynamic Bayesian Networks can be viewed as a generalization of Markov Models.
They are based on simple Bayesian networks, which are a graphical way of representing
conditional independencies between random variables. In a Bayesian network, there is a set
of random variables {71, Zs, ..., Z,, }, each represented by a node in a graph. A directed
edge from Z; to Z; indicates that the probability distribution over the values of Z; depends
on the value of Z;. For a dynamic Bayesian network, the random variables are considered
at different time steps, where Z;(t) is the random variable Z; at time ¢. In a DBN, there can
be edges from nodes at time steps 1...¢ — 1 to a node at time . Random variables can be
modeled as a conditional probability table, in which the probability of Z; = o; is explicitly
specified for each assignment of values of its parent nodes. They can also be modeled as
other probability distributions depending solely on fixed parameters and their parent nodes.

Bayesian networks and DBNs are of interest because they represent an explicit factor-
ization of the random variables, which permits simpler inference. A DBN can be made to
generalize the concept of Hidden Markov Model through hidden variables: nodes whose
value is never observed. In this case, there are well known inference algorithms for comput-
ing a belief over the possible assignments of values to the hidden variables. These variables
can represent the state of the system, whereas the observed variables represent observations,
as in HMMs. Unfortunately, as discussed in [Boyen and Koller, 1998], all hidden variables
generally become correlated after a few time steps. Keeping track of the belief state then

involves storing a vector which is exponentially large in the number of random variables.
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[Boyen and Koller, 1998] give results regarding the efficiency of approximations of a belief
state, showing that it decreases exponentially with the number of parents of each variable.
Good results with dynamic Bayesian networks have been obtained in a variety of tasks.
Of interest is the representation of POMDPs and HMMs as dynamic Bayesian networks
[Theocharous et al., 2004]. In this paper, the authors present the advantage of the approach.
They focus on a Hallway task [McCallum, 1995], where the agent observes whether there
is a wall facing it and where the state is composed of a location and a orientation. The
task is hierarchical, in that two levels of state are defined: the physical location of the robot
and whether it is at a junction in the maze. Using a DBN has the advantage that it can
encode succinctly the state variables, yielding a much smaller representation. The authors
show that their method has lower inference complexity, due to the structure, than simply
using a hierarchical POMDP. Space complexity, however, is greater than in other methods.
Although the concept of using structure to perform learning and inference more efficiently
is appealing, it has the severe drawback of requiring more knowledge of the environment (in
order to shape the DBN used). In [Theocharous et al., 2004], for example, they explicitly
encode which state transitions are possible. Nevertheless, their empirical results involving
a simulated hallway task and real robot experiments show improved performance from the

use of DBNSs.
2.6.2. Boltzmann Machines

Boltzmann Machines [Fahlman et al., 1983] combine the features of neural networks
with that of Bayesian Networks. They are composed of L layers of units, as in a feedfor-
ward network. However, these units are binary random variables, rather than real-valued.
In general, a unit in layer [ is connected to all units in layers [ — 1 and [ + 1, with the
exception of units in layers 0 and L. The first layer contains observed variables, such as an
input vector; the value of each variable is fixed. The other variables, however, are hidden.
As in feedforward neural networks, there is a weight V[/iljll2 which regulates how the value
of one variable influences another’s. Formally, let 3! be the (binary) value of unit 7 in layer

[. The probability that unit ¢ on layer [ takes on the value 1 is given by
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P{ﬁf _ 1|B’l—1’ﬁ_’l+1} Zﬁl 1Wl 1,0 + Zﬁlﬂwlﬂl 2.8)

Here, o represents the sigmoid functlon (Equation 2.7). That is to say, the probability
of 8¢ = 1 depends on the value of unit i’s neighbors. If a weight is positive and the
corresponding unit’s value is 1, then it increases the likelihood that unit 7 also take value 1.
The converse is true when weights are negative.

Boltzmann Machines are a powerful tool because they explicitly define a full probabil-
ity distribution over the hidden units, while preserving the simplicity of a neural network.
The weights can be trained to reflect a batch of input data, in such a way that they form
a generative model over the data [Hinton and Sejnowski, 1986]. There are two ways in
which this can be used: first, new inputs can be generated by making the input variables
unknown, and randomly generating values for all hidden variables until they reach a stable
state. This procedure is known as Gibbs sampling, and was discussed in [Neal, 1992] for
generating samples in a sigmoid belief network. This generative model also provides a way
for detecting anomalous patterns, by looking at how unlikely a given input pattern given
the weights.

There have been many applications of this framework. In [Taylor et al., 20071, the
authors discuss a generative model of human motion. In this particular case, the Boltz-
mann Machines act over time, rather than for a fixed set of variables. This is done in a way
parallel to the way time can be incorporated in Bayesian networks. Because Boltzmann
Machines provide a way of creating new observations through the Gibbs sampling proce-
dure, complete sequences of simple human motion can be generated. Especially interesting
is the fact that, if the data is divided into clusters of sequences that resemble eachother (in
[Taylor et al., 2007], walking and running), then the system will generate either of these
sequences with high probability, but sometimes switching to the other.

The main drawback of the approach, however, is its complexity. It is well known
that Gibbs sampling, for one, can take a long time to converge [Neal, 1992]. Learning is

also time-consuming, as it involves finding weights that best model the whole distribution.
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There have been a few attempts at reducing this complexity, such as in [Hinton ez al., 2006]

and through Restricted Boltzmann Machines, which have only one layer of hidden units.

2.7. Sparse Distributed Memories
2.7.1. Description

Sparse Distributed Memories (SDMs), as the name implies, were developed by Kan-
erva [Kanerva, 1988; 1993] in order to provide a data storage system closer to human
memory. Drawing on various physiological considerations, these memories trade storage
accuracy for generalization. An example given in [Kanerva, 1993] is that of images: it is
very unlikely that the same image will be observed twice, especially given a certain amount
of noise in an agent’s sensors. However, it is not a strong claim to assume that images which
are related will have similar features. A model that can recover stored data based on input
similarity is then more likely to be useful to an intelligent system than one that requires
strict equality between inputs. Kanerva’s proposal is to replace the standard addressing
system found in computer architectures by hard locations. Many locations are triggered by

a given input (observation), and the output is formed based on data at each location.

Formally, a Sparse Distributed Memory is composed of a set of hard locations {C1, Cs, . . .

Each hard location C}; is a binary vector of length L, and is associated with a data vector
D; of length Lp composed of integers. Given an input vector & of length Lo, the SDM
generates the output as follows: each location C; is matched against 7, and locations ‘close
enough’ (e.g. within a certain Hamming distance of 7) are activated. This activation is
recorded through a vector @, such that o; = 1 if ¥ is near C;, and 0 otherwise. The output i/
is produced by adding up the data vectors corresponding to activated locations and thresh-
olding the result. Formally, let (3; be the components of an intermediate vector [3; ¢/ is given

by

s
I

> n,

o =1

yi = sign(B)
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It is important to note that some elements of D; may be negative. In effect, this scheme
distributes the storage of assocations © — 1 over many locations. The result is that SDMs
can compensate for noisy inputs and as well as recover data for previously unseen observa-
tions. Learning in SDMs is fairly straightforward: the algorithm modifies the data vectors
corresponding to the training input to more closely reflect the training output.

SDMs have been shown in many applications to perform well when the input vector is
of high dimension [Kostiadis and Hu, 2001; Rao and Fuentes, 1996]. One of the drawbacks
of the algorithm is that an overly simple distance function is often not enough. In the case
of images, for example, it is well know that slight changes in pose ? can cause large shifts
in the input space. Although there is no clear solution to this problem, simple objects
can end up requiring many hard locations simply because of the activation scheme. More
importantly, the lack of a probabilistic interpretation of the world in SDMs prevents its use
in general temporal prediction. In effect, the system averages out noise in order to produce
‘ideal’ versions of outputs. This means that, if based on the history H;, the system should
predict symbol ‘A’, ‘B’ and ‘C’ with some probability mass, SDMs will learn to output the

weighted average of those three symbols.
2.7.2. Using Sparse Distributed Memories for Temporal Prediction

There have been many attempts at using SDMs for temporal prediction. I will describe
one briefly here; however, it is important to keep in mind that such applications all make
the strong assumption that given sufficient history, the next symbol can be deterministically
predicted. This is an assumption that was also made in [Holmes and Isbell, 2006] (see
Section 2.4.2).

In [Bose et al., 2005al, the authors describe an associative memory which can learn
to predict sequences. This paper is of interest to this thesis because it combines SDMs
with other concepts that are more geared towards temporal prediction, such as the use of a
context layer (see Section 2.5.2). The main contribution of the paper is to show that one

can combine fixed history models (such as the simple Markov Models described in Section

ZFor simple objects, pose can be thought of as the slant and tilt. For a human face, for example, we obtain
different poses by rotating the object along the y-axis.
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2.1) with such a context layer. The latter is trained to modify itself based on its value at the
previous time step and the input: in effect, it reflects the state of the system. The authors
then construct an input vector based on both history and context which is fed to a modified
SDM, resulting in an output which is its prediction.

Of interest is the fact that such a scheme allows sequences to be learned in a single
pass. The authors’ empirical results show that combining both context and history results
in better performance in that regard. The main problem with the proposed algorithm is
that, as stated above, it is not designed to predict distributions over future symbols. Also,
the design of the algorithm is rather ad hoc and no theoretical guarantees are given. The
authors have implemented their system as a special type of neural network in [Bose er al.,
2005b]. This paper gives empirical results on a simple sequence memorization task, but
the authors focus on the one pass learning aspect rather than good learning over a large set

of examples.

2.8. Predictive State Representations

Predictive State Representations were proposed recently [Littman er al., 2002] as an
alternative to representing state information. They are grounded around the notion of a test,
which is a sequence of actions and observations. In a PSR, the algorithm keeps tracks of
the probability of different tests succeeding. Knowing the probability of success of such
tests yields state information. For example, if an agent faces a wall but knows that it would
observe a coffee machine by turning left once, then its ‘position’ relative to the coffee
machine is encoded in the test’s probability of success. It was shown in [Littman et al.,
2002] that a special type of PSR, the linear PSR, can represent a POMDP with at most
as many tests as there are states in the POMDP. This is related to [Ron e al., 1996] and
[McCallum, 1995] in their conception of the state as a history ‘suffix’; PSRs, however, take
a drastically different approach by considering future events rather than past events.

The probability of success of the tests chosen to represent the state can be updated over
time through an equation similar to the belief update in HMMs (see Section 2.3). Learning,

unfortunately, is more complicated. For linear PSRs, for example, it is known that in order
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to achieve a minimal number of tests, one must generate the set of linearly independent
tests. Doing so is nontrivial if the probabilities of success are estimated. For that reason,
experimental results also focus on small tasks, although recent work [Tanner et al., 2007]

has shown that PSRs can be used to construct abstractions over the state space.
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CHAPTER 3

The Algorithm

Chapter Outline

In this chapter, we detail the workings of our algorithm.

3.1. Motivation

Some of the algorithms which were detailed in the previous chapter are interesting
because they do not explicitly define what a state of the system must be. This is in line with
my proposal of avoiding the notion of state altogether and instead attempting to work solely
at the level of observations. Recent successes, however, often come from algorithms which
produce output vectors, rather than ‘symbols’. Neural networks fall in the first category;
Boltzmann Machines, for example, have shown great representational power [Taylor er
al., 2007]. Symbolic approaches, on the other hand, are often easier to develop because
they usually deal with a finite set of observations. A good compromise between the two is
found in Sparse Distributed Memories, which produces data vectors which vary at the level
of individual elements, while preserving the notion of finiteness associated with symbolic
representations. Indeed, the focus of Kanerva’s work has been to constrtuct hard locations
that can capture sensor data without having to explicitly reduce it. This is a scheme which
can be more porrtable to different tasks. In effect, the hard locations constitute features
- vector elements - but these need not be in any way predetermined. These features are

special in that they actually represent ‘prototype’ percepts. It therefore seems reasonable to
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replace the feature-driven approach of neural networks by a more symbolic percept-driven
approach.

The second improvement that I propose is closely tied to the concept of state. In
recurrent neural networks, for example, the state - that which allows us to predict from
history - is represented by the values of the hidden units. In Probability Suffix Trees, espe-
cially in Utile Suffix Memory, leaf nodes represent states which hold meaningful predictive
information. In all cases, there is a very definite and compact notion of state - but it is con-
structed by the algorithms, rather than provided by the designer. Storing the whole history
more explicitly, however, can be interesting when the correct prediction varies significantly
for closely related histories. Furthermore, it should give more control over the history
than through assuming that the learning procedure can construct a correct state represen-
tation. To exemplify this, one only needs to consider the fact that hidden units in neural
networks have a tendency to spread a given mode across many hidden units [Elman, 1990;
Neal, 1992]. This can be detrimental to both performance and learning time, and also
makes it harder to interpret the resulting structure. Hence, an algorithm which condenses
the history information into a context vector without relying on the internal architecture of
the system might perform better.

An additional argument in favor of using hard locations rather than an implicit state
assumption comes from the forgetting problem, often found in architectures with hidden
units. Forgetting can occur in neural networks when the distribution of training examples
changes through the training. In this case, the weights are modified towards the new dis-
tribution. Because the learning process distributes states over many hidden units, this can
lead to the modification of other partts of the distribution. Increased performance over the
new training set is then observed, to the detriment of the original one. Unfortunately, there
are many examples of such forgetting, such as when attempting to model a value function
in Reinforcement Learning [Rivest and Precup, 2003]. A more localized approach such as
one which uses hard locations often performs better in this situation by only modifying the

parts of the distribution which have changed.
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3.2. Proposed Algorithm: Context-Driven Prediction

Before discussing the proposed framework, a few assumptions must be made regarding
the environment which I am interested in modeling, and a few terms must be defined. First,
we define a percept as a real-valued vector representing an observation. The term of percept
here relates to a real-valued vector, as opposed to an observation (which is often viewed
as a symbolic element). Secondly, no one-to-one prediction assumption is made, as is the
case in SDMs and Looping Suffix Trees: a given history might result in any probability
distribution over its predictions. Formally, an input percept & maps to a distribution over
future percepts.

Define the memory as a set of cells, C'. Each of these cells acts as a hard location, and
therefore has a single percept associated with it, which is denoted C;. Each cell also has
a saliency value s; associated with it and a vector of weights, W,. W, represents directed
influences between cells, and so W; has the same size as C'. In general, the weight matrix
is denoted by W and the saliency vector corresponding to C' by s.

When the system is presented with an input percept &, an activation vector « is com-
puted, similar to the activation in SDMs. Here, however, « is a real-valued vector with
elements taking values between 0 and 1, where o; = 1 indicates a perfect match between &
and C; and a; = 0 indicates no match. Usually, ZZ a; = 1. In this work, I use the simplest
activation function, namely «; = 1 if C; = 7, and «; = 0 otherwise. In effect, this assumes
that percepts are actually symbolic and not subject to noise; but the proposed algorithm is
designed for a more general type of percept.

By themselves, SDMs do not allow any association based on past observations. To
circumvent this, the saliency value of cells is used as an activation trace. More formally, at

every time step the saliency vector is computed as
S5+ a

This is similar to the cumulative eligibility trace in Reinforcement Learning [Sutton,

19881, where ~ is a decay factor. A restricted form of this type of encoding has also been
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used for prediction in [Bose et al., 2005a; Furber et al., 2004], where the & most important
symbols are stored in the same fashion as is done here. In their case, however, this is
used spatially rather than temporally, to order the relevance of the different symbols. If
a; = 1 for exactly one percept and 0 everywhere else, 5 represents the past sequence of
observations. With infinite machine precision, the history can also be recovered from s.
Getting an exact prediction based on any history, however, requires that the algorithm be
able to detect minute variations in s. Finally, note that for the purposes of the system, §
does not need to be an exponentially decaying trace of observations: its goal is to serve
as context to obtain better predictions. Neural networks can be viewed as using a context
which is learned through error propagation; it would certainly be possible to generate s*
from 5'~! and &*, the previous time step’s context and the current input. Using a decaying
trace has the advantage of being straightforward to implement. It is also easier to produce
theoretical results than if §'was generated based on a learned procedure.

This algorithm diverges from SDMs as it attempts to predict percepts that match its
hard locations, rather than separating them from the output words. Secondary activation,
denoted by ﬁ, is defined as a vector representing a prediction weight for each cell. Of
interest is the prediction of the percepts (represented by cells) which may be observed. It is
assumed here that hard locations represent actual percepts, as opposed to averages, as used

in traditional SDMs. Computing 5 is simply done as:

F=w3s
From this equation it should be noticed that the weight matrix acts as a set of influences:
experiencing a percept shifts the distribution over predictions towards related percepts.
Since 5 represents the prediction of related, or associated, percepts, its values should be
in the correct prediction order with higher values for percepts that are more likely. Any
function of E which preserves this ordering and results in a valid probability distribution
can be used to predict the next time step. I chose to use a simple Boltzmann distribution

based on ﬁ . Formally, the probability distribution is given by
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70
P{Ci[5} = °

g

The distribution’s entropy is controlled by 7, a standard temperature parameter be-
tween 0 and co. Here, 0 = >, ™ so that >_;" P{C;|5} = 1. For simplicity, 7 = 1 will
be assumed throughout the rest of this thesis. To make things more easily comparable with
Boltzmann Machines, we also add a bias term to 3, simply by defining a weight W, ; for

each cell, and adding it to 3;. This simply represents a prior probability on hard location 7'.

3.3. Learning

After having discussed how the algorithm predicts events, I now describe how learning
can be accomplished. For now, assume that there already is a known set of hard locations.
Let &% be the percept observed at time ¢, and similarly C?, the set of cells, W' the weight
matrix and §* the saliency vector. Denote the activation due to Z* by «o(Z").

Assuming that the goal is to predict Z* whenever 5 is present, W' should be modified
to produce a probability distribution similar to «(7;). Formally, let = be the probability
distribution on C. Then let 0 = 3, ¢, and recall that 8, = >, W; s;. The Kronecker

delta function is 0;; = 1 if ¢ = 7, 0 otherwise. First note that:

0 o ebr eﬁk( 0
g

aWjﬁ'ﬂ-k 8Wj,i g 0'2 8‘%73'616 ¢ SJ)

= 8;mk(Gir. — ;)

Suppose a percept 7; is observed. Then the standard definition of the likelihood of
Ty, given the current parameter set 0, is simply P{7;|6}. In general, however, Z; does not

correspond to a single cell C;. This means that « will have more than one non-zero value.

I'This is not strictly necessary because in my experiments I use a start symbol. In studying the prediction
outcomes of the system, I ignore the prediction on this symbol. As such, for any prediction that the algorithm
would like to make, there is a non-zero saliency vector to support it.
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3.3 LEARNING

To countervene this problem 2, assume that a; represents the non-normalized probability
that %, truly is an instance of the prototype percept C;; - a reasonable assumption if the SDM
represents a mixture of Gaussians through its locations. Then if L denotes the likelihood in
question,
L= PE)oy =Y P{CIOYPL7 = O =~ Y agm = &7
- K~ K

Here, k = ), a;sothat ) . * = 1. Then, taking the logarithm of L and differentiating

with respect to W ;, this yields

&L =logL =log(d-n)—logk = log(de’) —log(o) —logk

g: ’ J J = Sj : v = Sj(ﬂ'i _7Ti)

oW, a-ef o

a-eb

where 7; represents a weighted probability distribution on the C;’s. Of interest is the
fact that the gradient does not depend on x: hence there is no need to worry about > _, «v;.
For the special case when o; = 1 for exactly one Cj, then 7; = 1 if p;, = C}, and 0
otherwise. Let € be the vector of errors, with ¢; = 7m; — «;. Clearly 71; — 7; = €;, so that
0

—_— pu— . . .1
0VV],$ S;€; (3.1

This is a very compact formula. Recall that the log-likelihood of a batch of data is the
sum of the log-likelihood of the individual patterns. Let 53- be the saliency of cell j at time

t, and similarly €’ the error on the prediction of i at time ¢. Then, for 7" training samples,

a _ t t
6Wi,f§’ﬂ = ; ste! (3.2)

>The problem lies in what « represents. In Sparse Distributed Memories, more than one hard location is
activated because the input resembles many ideal percepts. In learning such a case, a correct predictive
model should attribute a probability of 1.0 to the event of observing «, a mixture of ideal percepts. Rather,
here, the algorithm can only give a distribution over ideal percepts.
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3.4 DISCUSSION

This can be written in matrix form as A = SE?, where A is the matrix of gradients,
S the matrix of saliencies over time and £ the matrix of errors over time. This is the batch
version of the algorithm. Whether using a single sample or a batch of data, the weights can

be modified through a standard update rule with learning rate ¢ € (0, 1):

0
VVZ'J — VVZ'J - Cmg (33)

Wy, can be updated in a similar fashion, if one considers that there is a bias saliency
element which always has value 1. As such, for the symbolic case at least, the resulting
maximum likelihood gradient derivation is quite elegant.

There is a second learning problem, which I have ignored here, but is of interest. The
hard locations do not have to be pre-defined, or fixed. In a way, learning to recognize a
percept can be just as hard as prediction. This issue will be discussed further in Section 7.

The whole algorithm is detailed in the Algorithm 1 table.

Algorithm 1 The Context-Driven Prediction Algorithm

Initialize: W « 0
loop
Begin a new episode
5«0
repeat
Compute 7 from s (prediction)
Observe the next percept &
VVZ‘,]' — VVZ'J - C%g
§— 5+ a()
until end of episode
end loop

3.4. Discussion

Solely considering finite state automata with probabilistic observations, it can already
be seen that the algorithm cannot fully model all such automata - for example the one in

Figure 3.1 - at least with the basic algorithm detailed in this chapter.

31



3.4 DISCUSSION

FIGURE 3.1. Example of a Finite State Automata which cannot be represented by
our model. This system simply counts the number of 1’s that have been outputted -
the parity of the sequence - and outputs even or odd at the end of the sequence (or
probabilistically at any point in time).

One major underlying assumption is that percepts represent state information. Observ-
ing the same percept many times, therefore, does not explicitly induce a different distri-
bution on future events - as is the case in a simple Markov Model - but rather increases
the likelihood of being in a state which produces the said observation. This is certainly a
flaw of the model, but can also be seen as restricting our hypothesis class in order to obtain

better learning. Also, there might be cases where the correct predictions can still be made.
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CHAPTER 4

Experimental Results

Chapter Outline
This chapter discusses various experiments that were performed with the algorithm

in order to verify its capacities.

4.1. Goals and Methodology

In order to verify the validity of the proposed algorithm, it is at least necessary to
ensure that it can handle the same basic cases as k" order Markov Models can represent.
Of utmost importance, clearly, is the need for the algorithm to learn unbiased probability
distributions. Moreover, Markov Models are known to be powerful because inverting the
order in which two symbols appear can yield a completely different distribution. Intuitively,
one would expect the algorithm to perform very badly on such a task, since it collapses the
history into a single real-valued vector. As will be seen below, however, the proposed
framework does preserve order-dependence, at least to some extent.

For all the experiments below, unless stated otherwise, the following parameters were
used: v = 0.5, ¢ = 0.05, the agents learned in an on-line fashion and the log-likelihood of
the observations was used to derive a gradient. Also, I fixed the number of possible percepts
to 10, so that across the tests (which take at most 10 observations) the system begins with
the same uniform distribution. In tasks where less than 10 symbols are used, the expected

behavior of the algorithm is to reduce their probability of occurence to 0 over time.



4.2 MARKOV PROPERTIES

As opposed to control and reinforcement learning tasks, where there is a clear goal,
the algorithm is simply attempting to model the system. Unfortunately, comparing proba-
bility distributions is not always an easy task, especially when performance throughout an
episode is of interest. When only interested in the prediction of a single, end symbol I will
show the resulting probabilities. In most cases, however, I will rely on the Kullback-Leibler
(KL) divergence (D) for comparing two probability distributions. Formally, given a
“ground truth” discrete probability distribution P and an estimate of this distribution, (),

the KL divergence measure is given by

Dy, = Zﬂlog(g) 4.1)
- i

This is a concise summary of how good the estimate is with respect to the true distribu-
tion. This divergence measure takes values between 0 and oo, and like entropy, depends on
the number of possible percepts. Since I am using a constant number of symbols through-
out the following experiments, the latter problem is not of concern. However, this measure
only gives the divergence for a given time step within an episode. To palliate this problem,
I report the mean divergence over one or many episodes. In the experiments described in

this chapter, I always use 500 test episodes (without learning) to estimate the average KL

divergence at a given point in time.

4.2. Markov Properties
4.2.1. Frequency Estimates

The first and simplest experiment tests whether the algorithm can correctly estimate
probabilities. To do this, I set up the following trivial task: the agent first receives a start
symbol and then receives either a 1 or a 2, such that P{1} = pand P{2} = 1—p. This ends
the episode, so that the only thing which the agent has to do is to predict the probability
of each symbol occuring. For all of the data presented below, I ran tests on three different

probabilities, namely p € {0.5,0.75,0.9}.
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4.2 MARKOV PROPERTIES

Mean | Std. Deviation
p=0.5 | P{1}|0.477 0.068
P{2} 10478 0.069
p=0.75| P{1} | 0.722 0.063
P{2}10.235 0.060
p=20.9 | P{1} | 0.874 0.027
P{2}10.079 0.023

TABLE 4.1. Average predicted observation frequency based on the actual frequency.

Episodes 103 10* 10°

Mean (x1072 = 107?) | Mean (x1072 &= 107?) | Mean (x1072 & 107?)
p=20.5 4.67 £+ 1.56 1.24 + 1.21 1.34 + 1.61
p=0.75 443 +1.23 1.06 £+ 0.67 094 +1.23
p=20.9 4.21 £0.50 0.68 £+ 0.47 0.31 £0.34

TABLE 4.2. Average Kullback-Leibler divergence + one standard deviation for
the frequency task, in function of p and the number of training episodes.

Table 4.1 show the results of this experiment in terms of the end estimate for the proba-
bility distribution over 1 and 2. As discussed before, this algorithm induces global distribu-
tion over percepts, which necessarily leads to all percepts (including those that never appear
in the experiment) being given non-zero probability weight. Nevertheless, the results are
encouraging, with fairly low standard derivation. The data comes from 30 independent
trials, each of 1000 episodes (here, 1000 samples).

With additional samples and a lower learning rate, these estimates can be shown to
converge to the true probabilities, which should not come as a surprise. To verify this,
Table 4.2 reports the KL divergence for three different numbers of episodes, namely 1000,
10000 and 100000.

The mean value of Dy decreases, as the number of samples is increased, regardless
of p. There is clearly a precision limit, due to the learning rate c; this is reflected by the fact
that the average divergence does not change between 10000 and 100000 episodes when
p = 0.5, and from the fact that the standard deviation of the results does not seem to be
influenced by additional samples. It should also be noted that the actual weights that the

system learns stabilize, rather than diverging.
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4.2 MARKOV PROPERTIES

One important issue in machine learning is whether updates to the model should occur
in an on-line or batch fashion. In the former method, the system (here, weights) is updated
at every step. In the latter, the system waits until it has accumulated a sufficient amount
of experience before computing the gradient and updating the weights. It therefore seems
reasonable to explore this issue here, at least briefly, to determine whether the algorithm
is better suited to be used on-line or in batch, and also to obtain some insight as to what
might affect its performance. Figure 4.1 shows the KL divergence resulting from using
different batch sizes, over 100000 episodes - sufficiently long to reach convergence. Since
with an increased batch size also comes increased variance in the gradient magnitude, it is
customary to reduce the learning rate appropriately. Here, I chose to have a learning rate
of 0.05/S, where S is the batch size. A baseline Dy, is also given for the on-line case.
Note that there is a (subtle) difference between a batch of one episode (the leftmost value
on Fig. 4.1) and the on-line method: the former incorporates the gradient for predicting the
start symbol. For this experiment, only p = 0.5 and p = 0.9 are reported, as other values
yielded similar results.

Clearly, the on-line learning method performs no worse than the simple batch algo-
rithm. Despite the reduced learning rate, as the batch size is increased there is a constant
degradation in the end performance of the algorithm. This can be explained in this case
by the following fact. Suppose that the weights have been learned to certain values, but
that there is a difference between the predictions of the two symbols. These differences
might have arised from the initial sampling distribution being slightly different from the
actual distribution. To obtain a correct predictive model, one weight must be increased and
the other, decreased. However, when using a batch method, the system risks accumulating
enough gradients such that when the weights are updated, the larger one becomes much
smaller. In such a way, an irremediable oscillation occurs between the two weights. This
is fatal in this model, as I am using an exponential function over 3: the oscillations cause

large changes in the probability distribution. This phenomenon has been observed in the
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4.2 MARKOV PROPERTIES

Average KL Divergence for Batch and On-Line Learning
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FIGURE 4.1. Average KL Divergence in function of the batch size in the frequency
task; comparison between batch and on-line learning.

other tasks presented in this thesis; as such, the on-line version of the algorithm was re-
tained as being more stable. It should be noted, however, that in more complex situations
it might be desirable to use a batch in order to smooth out the gradient.

Note that this effect occurs just the same when the probability of observing symbol 1
is much closer to 1.0, namely p = 0.9. Although there is certainly an improvement for
large batch sizes, the on-line method still outperforms its batch counterpart. There is also
a difference in the KL divergence between the two reported values of the on-line method,

but these should not be considered significantly different.
4.2.2. Order Dependence

The second most important property of Markov Models, which makes them so attrac-
tive, is their ability to distinguish between the order of symbols over time. This is something
which is commonly observed in language, where the ordering of the words in a sentence
can completely change its meaning. One only has to consider the inversion of the verb and

the subject in English and French in an interrogative sentence to have an example of this:
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4.2 MARKOV PROPERTIES

L 123 e > A
132 > B
S7 213 > C

-

~

N> 231 e > D
312 > E
Y321 - > F

FIGURE 4.2. Example of order dependence task, where the same three symbols
are given, following by a fourth which depends on their order.

“Did you...” clearly corresponds to a different sense than “You did...”. It is therefore critical
that this ordering should be preserved in any predictive model, at least as much as possible;
failing this, there would be a much more limited set of environments that can be modeled.

To verify that the algorithm can handle this order dependence, I chose to use the follow-
ing simple task. The agent is presented with n symbols; the order in which these symbols
occur contains all the information necessary to predict with full accuracy the last symbol.
Figure 4.2 gives an example of this task.

The experimental task here consists of randomly selecting one of the n! possible per-
mutations, outputting it, and then producing a last symbol deterministically. From the point
of view of the agent, the n — 1 first symbols cannot be fully predicted. The n'" symbol,
although determined by the order of the preceding ones, adds complexity to the task which
the algorithm must solve.

Of interest then is the average probability of the end symbol, when n € {2,3,4}.
For simplicity, let the first n observations denote the common symbols, and the following
n! ones denote the end symbol. For n = 2, this gives the following possible sequences:
1 —2—3and 2 — 1 — 4. Note that for n = 4, this means that there are 28 (4 + 4!) symbols
in total. Since the Boltzmann distribution, as mentioned above, is of a global nature, this

implies that the probability of observing a symbol, prior to any learning, would be lower
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4.2 MARKOV PROPERTIES

Episodes 100 1000 5000 20000
Mean &= S.D. | Mean &+ S.D. | Mean £ S.D. | Mean + S.D.
n=2 10722 +£0.033|0.9604+0.002| 0990 £ ~0 | 0990+ ~ 0
n=3 |0247 £0.011 ] 0.625 £+ 0.014 | 0.889 £ 0.005 | 0.967 £+ 0.001
n=4 10.3074£0.207 | 0.400 = 0.268 | 0.47 =0.295 | 0.54 £0.319

TABLE 4.3. Average estimated probability of observing the correct symbol given
a specific context sequence for the order dependence task, and corresponding stan-
dard deviation. Values for three context lengths are reported.

when n is increased, if exactly the necessary number of observations was used. To avoid
biasing the results based on this, I chose to have all experiments be performed with 28
symbols. Although this slows down the learning for n = 2 and n = 3 without improving
anything, it makes the results comparable across context lengths.

Table 4.3 gives the resulting estimated probabilities of observing the correct end sym-
bol, averaged over the n! possibilities. These values are obtained based on 30 independent
runs. The reported standard deviations are over all symbols and trials. I also give the
estimates after three different number of episodes, in order to compare how quickly the
algorithm can converge. In this experiment, I used a learning rate of 0.5 to speed up the
learning process; this did not seem to significantly degrade the quality of the solutions. !

Clearly, regardless of n, the algorithm learns to disambiguate between different con-
texts. It should be noted that having an estimated probability of 60% for a given symbol,
when n = 4, implies that the remaining possible symbols - there are 23 of them - share a
40%. Therefore the disambiguation remains good, despite lower values. Although the rate
at which learning occurs is significantly reduced when n is increased, the reasons for this
can be easily given. First of all, from the factorial nature of the experiment, there are three
times as many contexts for n = 3 than for n = 2, and four times more when comparing
n = 4 and n = 3. As such, the expected number of training episodes featuring a given
context is considerably diminished; one should expect to require three (or twelve) times
more episodes to obtain similar results. There also is the trivial fact that adding a sym-
bol increases the complexity of the task. Therefore, the apparently much weaker results

!Alternatively, I could have also computed the variance within a given trial across the different contexts.
However, there was little difference in those predictions for n = 2 and n = 3, such that it was deemed
unnecessary to include these results here.
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4.2 MARKOV PROPERTIES

at n = 3 and especially n = 4 should not be blamed on the algorithm. In a more natural
framework, it might be the case that there is a constant number - say two or three - of dif-
ferent orders which can occur. In such a case, one can hope that the algorithm would have
similar learning capacities even with longer context sequences. Due to the apparent weak
performance of the algorithm with n = 4, I ran additional experiments with lower learning
rates to determine whether this might have been in cause. However, this only resulted in
lower variance, without significantly modifying the average estimated probability.

Another reason for the slower learning when n is increased occurs in other tasks, and
so should be pointed out on its own. I have used the term disambiguation above without
truly defining it; but clearly the proper meaning should be “to be able to predict the correct
symbol with probability significantly higher than the other symbols”. Learning to disam-
biguate symbols, then, implies that the system should obtain a set of weights that allows it
to do this - this is obviously only possible when there is a unique percept which follows a
given context sequence. In the order dependence task, this learning causes the weights to
be tuned to respond to the decay in saliency of a percept as it becomes less recent. That is,
each end symbol 7 tunes its weight vector W; to pick up a certain saliency trace, such that
it has the highest 3 only when this particular trace occurs.

This suggests that the relationship between the order dependence and the discount
factor vy, whose value I have until now dismissed, should be further explored. To do this, I
let v vary between 0.1 and 0.9. Clearly, values of 0 and 1 are uninteresting to study, as the
former implies having no history at all, whereas the second ignores the temporal ordering
of the symbols. As it has been seen above, different lengths of context require different
amounts of episodes to converge; in the following experiment, I tried correcting this by
training the system for 100, 600 or 2400 episodes per trial for n = 2, 3 or 4, respectively.
One rationale for this is that there are respectively 2, 6 and 24 different possible context
sequences for the lengths studied. Furthermore, the learning with n = 2 was sufficiently
fast that taking only 100 episodes - rather than 200 - yielded results that are more easily

compared in terms of .
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Average Estimated Probability of any End Symbol
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FIGURE 4.3. Average estimated probability of observing the correct end symbol,
given a context sequence, in function of . Here, the error bars are one standard
deviation away from the mean, but the sample variance is only over the different
trials (and not over the different end symbols).

Figure 4.3 plots the performance of the algorithms with respect to -, depending on n.
One should remember that there is no reason for which the algorithm should not converge to
the correct probabilities, regardless of n, provided that the learning rate is small enough and
that sufficiently many training episodes are used. The transient behavior of the algorithm is
of course of greater interest, since in a real task there will be a restricted number of samples.

To begin the analysis of Figure 4.3, first note that in general, the estimated probability
as a function of v has a concave shape, with a maximum at some intermediate value. This
intuitively makes sense, since values of + near 0 and 1 have a behavior close to these
(despite having radically different limiting properties). Therefore, there should be - and
indeed, this is what can be observed from Fig. 4.3 - a value of v for which learning is

optimal. It can also be seen from the three curves that this optimal value depends on n. As
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n increases, the optimal value tends to 1. There are other possible explanations for this; it
is possible that if the learning rates and training episodes were carefully adjusted, the same
optimum would be observed. Finally, notice the similarity of these curves to experiments
on eligibility traces [Singh and Sutton, 1996], where an intermediate value of A was found
to be optimal, both for replacing and accumulating traces. Higher variance with smaller
context lengths may simply be due to the amount of training episodes used.

This task is reminescent of what was done in [Elman, 1990]. In fact, the learning
procedure exhibits much of the same structure, for example the fact that the last symbols of
the context sequence can be predicted more easily than the beginning ones. Such a task is
interesting as it suggests that the algorithm can cope both with unpredictable events (such
as the first symbol) and completely determined objects, with degrees in-between. This is

in line with my earlier experiment on frequency estimation, but takes it slightly further.

4.3. Influence of the Context Length

In the two sections above, I verified that the algorithm can correctly estimate probabil-
ities based on frequency of observation; I have also shown that, at least for short context
sequences, the system can disambiguate solely based on the order in which the contextual
symbols appear. The next logical step is to give evidence towards my earlier claim that
the algorithm does not suffer from window-size problems, as opposed to simple Markov
Models. The easiest way to do this is to have a task where the elements of context which
help us predict the future symbols occur at varying lengths in the past. In this section, I will
denote the length of the intervening context ‘junk’ (symbols which do not help differenciate

between the possible ends) by L.
4.3.1. Fixed-Length Context

The training and testing sequences used for this section are of the following form:
first, the system receives a start symbol, which uniquely determines the last symbol of the

sequence, named - simply enough - the end symbol. Between those two percepts, there is a
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Average Estimated Probability of End Symbol in Function of L
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FIGURE 4.4. Average estimated probability of observing the correct end symbol
in function of the length of the intervening context ‘junk’.

string of symbols of fixed length. The symbols, however, do not occur in any meaningful
order and so do not inform the system in any way as to what the end symbol will be.

The first experiment on this task was to determine the performance of the algorithm
after a certain number of episodes, based on L, ranging from 1 to 10. I also used v = 0.5
and a learning rate of 0.1. The number of training episodes used to evaluate performance
were 500, 10000, 50000 and 100000. The lowest value was chosen based on the results of
Section 4.2.2, to show the speed of convergence when L is small. The largest value was
chosen to show whether the algorithm can converge, even for large values of L.

Figure 4.4 shows the results of this experiment. As expected, the end probability mono-
tonically decreases when L increases, regardless of the number of episodes. There is also
a maximum prediction which is reached for the lower values of L, influenced by oscilla-

tion issues related to learning rates. As a whole, however, the algorithm performs very well,
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clearly being able to distinguish between two end symbols based on something that is far in
the past. If the learning rate issues are ignored, there is in fact no reason why the algorithm
should not converge, given sufficient training episodes. This is because there is a positive
weight gradient between the start and end symbols, and because it is easy to hand-craft a
solution to this task.

The actual learned structure, however, slightly differs from this. In line with neural
network learning, I observed that the prediction comes to rely on the junk data as well as
the actual context information in order to predict the end symbol. This does not necessarily
have a negative impact on learning; as a corollary to the weights being trained this way,
the algorithm is able - to some extent - to predict the non-occurence of the end symbol.
In other words, the probability of observing the last symbol rises sharply at the end of the
sequence (Figure 4.5). This is quite interesting, as it suggests that the system, despite not
having being designed to account for time steps, can effectively perform crude counting. In
fact, closer examination shows that the system correctly estimates the uniform distribution
on junk symbols and the start symbol.

Unfortunately, even with many episodes (100000), the algorithm still fails to produce
good results when L > 8. One obvious reason is the fact that that I used v = 0.5. As such,
at the time of predicting the end symbol, the saliency of the relevant context element is 2%,
Of interest, then, is the study of the behavior of the algorithm when we modify . Taking
L = 8,9,10, I consider the results of training the system for 10000 episodes when ~y ranges
from 0.1 to 0.9, as in Section 4.2.2. It is clear that an increased v must yield better result
for this task; but since it has been shown in the previous section that there is an optimal
~ at which the order of symbols is best disambiguated, it appears useful to know whether
a good ~ for large context lengths falls close to this optimal value. Figure 4.6 gives the
results of this test.

The graph confirms the supposition that a higher v always yield better results. How-
ever, there is a clearly higher increase when going from v = 0.7 to 0.8. This is present in
all three curves; remember, now, that the optimal value of v in the task where order was

important (Section 4.2.2) was found to be lower than 0.9, possibly in the range of 0.6 to
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Average Prediction Trace for Symbol A’
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FIGURE 4.5. Average prediction trace for the end symbol A’. The x-axis repre-
sents timesteps through the episode. Values are given for a test episode ran after
100,000 training episodes, with L = 5, and averaged over 30 trials.

0.8, depending on the length of the context sequence to be disambiguated. It would then be
reasonable, if one wished to combine both properties together and optimize them, to take
~v = 0.8. Although further, more extensive tests clearly need to be undertaken before such
a conclusion can be verified, it is interesting to again point out the relationship between ~,
the saliency decay factor, and the A\ value which controls the rate at which eligibility traces
decay. In [Singh and Sutton, 19961, the optimal value for A was also experimentally found
to be 0.8.

Regardless of the optimal value, v > 0.6 is certainly needed, since even for v = 0.6
the algorithm has a low learning rate for the large n studied above. To be consistent with
the experiment on the symbol ordering, then, only values of v between 0.5 and 0.8 should

be used.
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4.3 INFLUENCE OF THE CONTEXT LENGTH

Average Estimated Probability of End Symbol in Function of y
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Prob. of End Symbol

FIGURE 4.6. Average estimated probability of observing the correct end symbol
in function of the saliency decay factor, . Three values of n were used, namely
n =38,n =9 and n = 10. Training was done in all cases with 10000 episodes.

To conclude this section, my proposed algorithm has the advantage over Markov Mod-
els that it can learn to predict based on any history length, without resorting to a hidden
state. The skeptic reader, however, should wonder whether such a property holds even
when the ‘junk’ takes a less ordered aspect. Indeed, in the above task, the number of
intervening symbols between the important context and the target symbol is known; fur-
thermore, the type of junk that is observed is pre-determined, such that the algorithm can
rely on it to count how long it should wait before emitting the correct symbol. As such, it
would be of interest to look at how the algorithm reacts to context sequences of variable

length.
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4.3 INFLUENCE OF THE CONTEXT LENGTH

FIGURE 4.7. Finite State Automaton describing the Variable Length Context task
used in this section.

4.3.2. Variable Length Context

The logical extension of the task used above is to simply make the length of the ‘junk’
sequence non-deterministic. More formally, consider a Finite State Automaton with prob-
abilistic transitions as given in Fig. 4.7.

This task is necessarily harder than the previous one, since the algorithm cannot rely
on counting. In fact, the correct probability distribution that it should predict stays the same
throughout the sequence - any amount of junk should be ignored. It is easy to see that the
algorithm cannot properly handle this situation, since the saliency of the first symbol must
decrease with each time step. Rather than show the probability of the end symbol, I will
therefore give results in term of the KL divergence, discussed in Section 4.1. Here, D, is
given over the whole episode, averaged over all timesteps (so that results can be compared
across sequences of different lengths). At the very least, one would expect the algorithm to
learn to reduce Dy, to a manageable value.

Let p be the probability of transiting to one of the end states. Note that the expected
number of junk symbols that should be observed before the end symbol is %. For exper-

imental purposes, I will consider values of p € {0.1,0.25,0.333,0.5}, yielding expected

47



4.3 INFLUENCE OF THE CONTEXT LENGTH

Average K-L Divergence During Training in the Variable Length Task
1.2 T T T T

K-L Divergence
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FIGURE 4.8. Average KL divergence in function of training time and p for the
Variable Length task.

junk lengths of 10, 4, 3 and 2, respectively. I ran the algorithm on these four tasks for
50000 episodes, reporting the KL divergence every 100 steps. Due to the difficulty of this
problem, I chose a smaller learning rate than before, namely 0.01. Also, based on the
conclusions drawn from the previous experiment, I picked v = 0.8.

Nothing is truly surprising in the results depicted in Figure 4.8. The algorithm con-
verges after sufficiently many episodes, although it cannot bring Dy down to 0. The
reason for this is clear from the explanations above: there is no deterministic way for the
algorithm to decide when the symbol will appear, such that it must have some error. More
interestingly, however, is the fact that as p is decreased towards 0 the divergence decreases
faster, and seems to settle down at a lower value. One would expect the higher p values to
produce better results, since it is easier for the algorithm to predict when the end symbol

will occur. However, having a small p means that it is in fact a better guess to predict
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4.3 INFLUENCE OF THE CONTEXT LENGTH

that the end symbol will not occur with high probability. That is to say, if two outcomes
are considered (junk or end symbol) then the entropy of the system is at its highest when
p = 0.5. In general, however, it can safely be claimed that the algorithm can learn - at least
partially - the structure of the problem.

One question that remains is whether the weights of the model stabilize, or slowly
grow. The latter situation, even if it produced a correct distribution, would not be desirable.
First of all, higher weights means that smaller changes in their magnitude will cause a
greater effect on the estimated probabilities, and therefore higher variance in the results.
Also, large weights make it harder for the algorithm to learn from new data, by reducing
the probability of unobserved outcomes. Finally, it would be interesting to see the weights
stabilize simply in order to say that the algorithm truly converges. In order to answer
whether this is the case, I show in Figure 4.9 the progression of various weights over the
training time, for a given trial.

Conclusions drawn from this plot should not necessarily be taken too seriously, as it is
always hard to evaluate an algorithm’s performance based on the magnitude of its weights.
Nevertheless, the three types of weights that we show in Fig. 4.9 reflect the three expected
behaviors: the greatest influence on the end symbol is found in the start symbol - which
defines the end symbol -, while a small influence is given to the junk symbols, as discussed
previously. Finally, the start symbols (A and B) have a negative influence on the other
(respectively B’, A’) end symbol, which makes sense. The weights Wy 4- and W, g seem
to be stabilizing over time, which is good. However, the other pairs of weights continue to
increase (decrease) over time, although the rate at which they do so decreases.

Through this experiment, I have hopefully shown that the algorithm is sufficiently
resilient to probabilistic tasks and can accomodate for them. Clearly, there are better models
than this one for such a task: but my claim is that this necessarily requires the notion of a

hidden state, which I seek to avoid.
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Magnitude of Some Weights in the Variable Length Task
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FIGURE 4.9. Weights evolving over time for the Variable Length task. Six weights
are represented here, namely three per possible sequence (A, junk, A’ or B, junk,
B’). The top weights show the influence of the beginning symbol on the end sym-
bol; the middle ones show the influence of junk symbol 1 on the end symbol; and
the bottom ones show the (negative) influence of the opposite start symbol on a
given end symbol. Weights here were plotted for a single run.

4.4. Discussion

The goal of the above experiments was to demonstrate that my proposed algorithm can
learn to predict simple sequences which can be learned by k' order Markov Models. The
main loss is that the exactness of a Markov Model is lost in modeling the history more
succintly. On the other hand, this means that this history does not need to be represented
as a cumbersome table. I showed that frequencies can be learned just as well as in a
Markov Model. Symbol ordering is weakly encoded, which gives good results in some
cases. However, there are clearly cases where the algorithm must fail, such as the one

which was presented in Section 3.4. Finally, the size of the sequence which the algorithm
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must learn to ‘ignore’ (the value of k) is also weakly handled in the model, by the virtue of
the exponentially decaying saliency value.

Prediction Suffix Trees and their ilk are arguably better at producing variable length
Markov Models, but all the algorithms presented in this thesis require a large amount of
history stored. The proposed algorithm, on the other hand, proceeds in an on-line fash-
ion, which is often desirable of learning algorithms. Its slow learning compared to other
frameworks can be partially attributed to this; neural networks often learn at a similar rate,
because they also rely on gradient descent and on-line learning. Yet, this is not a neural
network, as the only abstraction occurs at the level of the hard locations.

In general, only models which keep a strong notion of state can learn a task like the
one presented at the beginning of the chapter. PSTs, for example, will require the con-
struction of ever longer tree branches to explain the behavior of the system. In this respect,
my algorithm might perform better on this task because it cannot add new branches ad
infinitum.

Another interesting aspect is the simplicity of the algorithm. Partially because of this,
it exhibits robust behavior across a range of parameters, which is often not the case for
gradient-descent approaches such as neural networks. Its oversimplified hypothesis space,
however, might be the cause for poor performance in larger tasks. For example, the context
vector cannot fully account for repeated symbols in a sequence. One way to circumvent this
would be to add features which are only active if a symbol is repeated twice. The simplest
way of achieving this is by letting such a feature’s inputs be the activation of another hard
location. It could then be activated only if the other location’s activation was -, indicating
a symbol which occured one time step ago, combined with re-setting the activation to
1 rather than 1 + ~, as is done in replacing eligibility traces [Singh and Sutton, 1996].
The next chapter will focus on the addition of such units in an attempt at generalizing the

algorithm to handle more complex problems.
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CHAPTER 35

Feature Construction

Chapter Outline
In this chapter, I propose to enhance the prediction algorithm by automatically con-

structing additional features.

5.1. The Need For Feature Construction

The experiments in the previous chapter showed that my proposed algorithm can in-
deed model various probability distributions, in a way that resembles a k" order Markov
Model, without requiring the user to explicitly define k. However, this method does not
work perfectly in all instances. One such problematic case is when symbols are repeated; |
brought the issue forward previously, without attempting to resolve it.

To exemplify the problem, suppose that the agent is faced with the task of learning how
to correctly predict symbols based on two equally probable strings of observations, namely
‘AAB’ and ‘B’. As before, we can suppose that we have three different symbols, A, B
and 0, where 0 is a special symbol which is never observed but represents the beginning
of the sequence (and therefore our two sequences are ‘0OAAB’ and ‘OB’). Let w; ; denote
the weight from i to j, where ¢ and j € {0, A, B}. Also, let s; be the saliency of a given
observation; for conciseness, I will denote the whole vector by 5 =< sg, s4, Sg >. Recall

that 7; is the probability of a given observation and f3; is its activation, such that

6T6i

> j €m0

(5.1

T =



5.1 THE NEED FOR FEATURE CONSTRUCTION

(i) The two sequences are equiprobable; so in order to correctly predict the initial
symbol (A or B), the agent must assign a weight wy 4 = wp p such that 74 =
T = 1 after observing only 0.

(i) Note that in the first sequence, ‘OAAB’, the following saliency vectors occur:
<1,0,0 >, < v,1,0 > and < +%,1 + 7,0 >. Provided that the first symbol is
correctly predicted, then a perfect prediction would be as follows:

If §=<,1,0 >then 7y = 1;if §=< 42,14+ ~,0 > then 75 = 1.

(ii1) It is impossible to achieve m4 = 1 with my algorithm, since clearly m; > 0 V.
A relaxation of this is to require that 74 >> 7 in the first case and 74 << 7p
in the second case. This leads to 54 >> (g and B >> (34, respectively.

Expanding these variables gives:

Wo,AY +Waa >> WoBY+WARB

wo Ay +waa(l+7) << wopy +wap(l+7) (5.2)

(iv) The second sequence, ‘OB’, enforces that wy 4 = wp . This leads to the ob-
vious impossibility here that wy 4 >> wy p and wa p >> wa 4. Therefore,
no assignment of the weights w; ; can produce a correct predictive model of this
task. Note that the second sequence is necessary in this counter-example, as the

system of inequalities would otherwise have a solution.

The question of interest is then whether this is caused by the repetition of symbols,

or by something more fundamentally flawed in the proposed algorithm. One hypothetical

reason for this problem is that the data is not linearly separable. Linear separability refers to

the notion of separating labeled points on a plane with a single line. The points are labeled

either positive or negative, and are to be separated according to this criterion. Much work

has been done on linear separability, especially in the field of neural networks [Rujan and

Marchand, 1989]. Since in this task sz = 0 at all time steps where prediction is needed,
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Four Points Task
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FIGURE 5.1. Left: A two-dimensional version of the parity task. Right: The four
points task in saliency space.

we can visualize the task as three points to be linearly separated on the real line. The first
of these points is at s4 = 0, the second as s4 = 1 and the third, as s4 = 1 4 ~. Clearly,
this is not something which can be achieved.

If linear inseparability is the cause of the algorithm’s failure, then an additional hy-
pothesis can be formulated: there should be a set of training sequences which does not
contain repeated symbols, but which cannot be correctly modeled by the algorithm. The
simplest task one can study is the parity problem, considered to be the paradigm of linearly
inseparable binary functions. Formally, the parity problem has n binary inputs, denoted
{z1,...2,} = &. The parity function p(Z) is 1 if there is an odd number of 1’s in the input
vector, and 0 otherwise. A two-dimensional version is shown in Figure 5.1. It is easy to see
that regardless of how the separating line is placed, it cannot neatly divide the space into a
region containing only positive points and one containing only negative points.

In order to respect the nature of the saliency vector - it represents history - the par-
ity task must be modified. This is because it is impossible for the system to observe the
saliency vector < 1,1 >, since it would imply that two percepts had been triggered si-
multaneously. Rather, I propose the following task: there are four symbols, A, B, C' and
D. Each episode consists in the agent receiving one of the following four equally likely
sequences: {ABC, AC, BAD, BD}. These four sequences are represented in terms of the

saliency of A and B in Figure 5.1. I call this task the ’Four Points Task’, simply because it

54



5.2 CONSTRUCTING FEATURES BASED ON ERROR

consists in four points in space which cannot be linearly separated. Again, it is easy to see
that no single straight line will separate the data into a region containing the points labeled
’D’, and one containing the points labeled *C’. This task is interesting because no percept
is repeated; if the model must fail, it is solely due to linear inseparability.

Empirically, I verified that the algorithm, as it is, indeed cannot give a correct distri-
bution over the four percepts. In all runs, the last symbol of one of the two sequences of
length 3 (or of both) was incorrectly predicted to occur with 50% or less (when in fact we
can exactly predict it). The two smaller sequences are more accurately predicted, although
the modeled probabilities still fall short of the real values. Interestingly enough, removing
any of the four points causes the algorithm to learn the correct model. This is a strong indi-
cation that linear separability is indeed the root of the problem here. More formal empirical

results will be given later.

5.2. Constructing Features Based on Error

The issues put into light by the Four Points Task suggest that linear separability should
be handled explicitly in the proposed predictive model. In classical supervised learning
algorithms which rely on a threshold function, separability is handled by adding additional
variables into the equation. In neural networks, the hidden layer(s) play this role: they
divide the input space into partitions which can then be combined in order to obtain a good
(but no longer linear) separation of the state space. Cascade-correlation neural networks,
discussed in 2.5.3, offer a way of doing this automatically, in effect adding hidden units
when the data is not linearly separable.

In the same way, I propose that the predictive algorithm can make use of extra features
which depend on the current saliency vector and can be used to improve prediction accu-
racy. For example, suppose that in the ‘AAB’ / ‘B’ task, there is a feature - a variable - ¢
which is not directly observed but such that ¢ = 1 if s, > 1. Then suppose the weight
matrix W is extended such that for each original percept 7, there is now a weight wg ;. The
(3 values are then computed as 3; = (3 _; w;5;) + wy,:¢. Equation 5.2 then becomes (after

simplification of the wy 4 and wy g terms):
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WA,A >> WAB

wAA(l +’7) << wA,B(l + ’Y) + wy, B

There is a simple assignment of weights which satisfies both inequalities. This suggests
that adding one or more such features can help in modelling more complex tasks.

One way to visualize this is to consider the addition of an extra dimension to the
saliency space, and the value of points along this dimension is ¢. From a linear separability
point of view, this allows for the separation of points that were previously unseparable. For
the Four Points Task, the simplest way to resolve the problem is to add a feature that takes
value 1 when one of the four points of interest is present.

My proposed refinement to the algorithm is therefore the following:

(i) Learn a model using the basic algorithm
(i1) Look for which points cannot be linearly separated
(ii1)) Add features that allow their separation

(iv) Repeat until all predictions are correct

There are, however, a few problems with this proposal. First and foremost, it is not
clear how to determine whether a set of points is linearly separable or not. More subtle is
the fact that the algorithm’s goal is not to classify points as positive or negative examples,
as in classical supervised learning, but rather to give a probability distribution over future
observations. Therefore, this is a regression problem, which is usually accepted as being

harder than classification. There are also other issues that I will discuss below.
5.2.1. Finding Linearly Inseparable Points

In order to come to a working algorithm for the prediction problem, it is useful to view
it as a supervised learning task. In supervised learning, the algorithm is given a set of input

vectors, X, to which corresponds a set of output vectors Y. For simplification, assume that
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Y is univariate. The task of the system is to learn a map from inputs to output, such that
when presented with a new instance, z, the system can produce the appropriate g.

It is clear that from a supervised learning point of view, removing data can only make
the training easier (although the results on independent data might suffer). More specifi-
cally, if a set of points X is linearly separable (such that the output y; can be predicted from
x; simply by determining on which side of a hyperplane x; lies) then removing points from
X preserves its linear separability.

Using this fact, I suggest the use of a partial training set in order to determine whether
the model is incorrectly predicting some observations. More formally, let P be the set of
all possible saliency vectors which we can observe. If there are a finite number of percepts
and the episodes are of finite length, then | P| is also finite. Let M be the predictive model
- which might not be completely correct, due to linear inseparability; call this the ‘full
model’. Finally, let M be a second predictive model with weights initialized to zero; call it
the ‘partial model’. For a given saliency vector 3, denote by 7 () the probability distribution

on future percepts induced by s in the model. Then

(i) Construct P by randomly sampling without replacement from P, such that |}3 | <
1P|
(i1) Train M on P and M on P for a certain number of episodes
(iii) Let Py = {5: §€ P, 7(5) ~ #(5)}

(iv) Construct a feature ¢ such that ¢ = 1 when 5 € Py, 0 otherwise

What does it mean to train M on P? In the full model case, the system receives
one percept per time step (z;), which it uses to update the distribution that should result
from the context vector (5;_1). A proper distribution 7(5) is obtained Vs € P because the
sampling of z; is done according to some underlying, environment-driven distribution. The
partial model, which should be trained only on patterns § € P, still requires data from the
environment, rather than taking inputs from P and outputs from a corresponding set, as in
supervised learning. The way I resolve this is by computing the saliency vector at every

step for both models, but only updating the weights in M when this vector is present in P.
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Step 3 needs a similarity measure between two probability distributions. The KL diver-
gence has been discussed previously; there are other measures which are seemingly better
suited here. These will be described in the experimental section. The last step requires that
one weight for each percept 7, wy;, be added every time we add a new feature. Since we
do not need to predict the added feature, only m variables are created, where m is the total

number of percepts.
5.2.2. The Algorithm

My implementation of the algorithm determines whether a particular ¢; should be ‘on’
(i.e., take a value of 1) by directly storing a set of triggering vectors F; for each feature. If
S € F;, then ¢; is set to 1. Another question that arises is how to determine when to test for
the construction of a new feature. I chose to do this after a fixed number of elapsed episodes,
[. Finally, there are many possible ways - none definitive - of determining whether two
probabilitty distributions are similar. In my work, I chose to focus on two simple methods
which both give a numerical value representing the difference between two distributions.
The first one is the KL divergence, which has been discussed previously. The other is the

total variation distance, defined as

Drv(m, i) = 5 3 I7() = (0 (5.3)

Although at first glance simplistic, the total variation distance is of interest because it
takes values strictly between 0 and 1. The KL divergence, on the other hand, takes values
between 0 and oo, making it harder to compare two results. In the probabilistic literature,
the total variation distance is also a standard measure.

To conclude, the modified algorithm is presented below. For easier understanding, here

is a glossary of the variables used in the algorithm:
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Name | Usage Name | Usage
%4 Weights (Full model) s A saliency vector
W Weights (Partial model) v An extended saliency vector
P Set of possible saliency vectors ﬁ Un-normalized prediction vector
P Random subset of P used to T Prediction vector
train T
Ny Number of constructed features || & A percept
F; Set of inputs for which a(Z) | Activation of cells by Z
feature 7 is ‘on’
ol Saliency decay rate T The Boltzmann ‘temperature’
c Model learning rate parameter
) Divergence threshold l Number of training episodes
before adding features
(phase length)

5.3. Theoretical Results

In this section, I show that the modified algorithm, under certain conditions, must
necessarily converge. Let {2 € P denote the set of saliency vectors for which the model
produces the correct distribution, and let ¢ be the set of saliency vectors for which the
model does not produce the correct distribution. In general, the Boltzmann distribution
cannot reduce the total variation error to 0, as it always assigns a non-zero probability to
every element. Instead, I consider a point 5" to be a member of € if dist(7(5), p(5)) < 6,
where p is the true distribution of percepts that follows the history s. In the treatment below,

k is the fixed size of 15, a random subset of P.

LEMMA 1. Given W and provided that k < |P| — 1, for any §,5 € QC there exists
Py, Py € P suchthat Py — Py = §and Py — Py = S. Furthermore, if Py and Py are taken
as the sets of inputs for which features 0 and €' take the value of 1, then there exists a new
set of weights W such that QU {7} C ), where () is the set of histories correctly predicted
by W,
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Algorithm 2 The Modified Context-Driven Prediction Algorithm

Initialize W « 0; P is assumed given
Nf —0
loop
W
P «— random subset of P
repeat
50
repeat
U «EXTEND(s)
Observe next percept T
UPDATE-MODEL(V, a(Z), W)
if § € P then R
UPDATE-MODEL(V, a(Z), W)
§— 5+ a(7)
end if
until end of episode
until [ episodes have been run
F 0 R
for all s € P do
if (dist(w(5), 7(5) > 0) then
F—FUs
end if
end for
if ' # () then
FNf «— F
Nf — Nf +1
end if
end loop

Algorithm 3 EXPAND(S)

fori=1...Nrdo
if S € F; then
¢—1
else
¢—0
end if
end for

JH§'<¢1,¢2,...,¢NJ£>
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Algorithm 4 UPDATE-MODEL(Z, v, W)
06— Wv
o3 e
for: = 1./.3.md0
T < e
end for
Compute VIV =
W — W 4 cVW

<z

oW, ;

PROOF. Construct Py and Py as follows: Py = {q}U{s1,..., 8,1} where §1, ..., 8k_1
are k — 1 different points in P other than ¢'and §. Then Py = {51,..., Sk—1} U {5}, where
§ ¢ Pp. Then set W, the weight vector corresponding to 6, proportional to p(q), the true
probability distribution over future percepts when ¢'is the history. Finally, set Wy to —W.
Clearly, s, . .., §;_1 remain unchanged by this operation: for any s;,7 € 1...k—1, both 6
and ¢’ are activated when the context vector is 5;. If ¢; denotes the vector of activations W's;
before adding the features 6 and ', and q@l the same vector after the features are added, then
ng,- = W5, + Wy + Wy = W5, = ¢;. With this construction, 7(¢) can be made arbitrarily

close to p(q) without removing points from Q2. Therefore, Q U § C Q, as required. O

Note that 7(5) is most likely made incorrect by the above construction.

LEMMA 2. Given a set of histories P and provided k < |P| — 1, there exists a set of
features ' = {Py,, Py, ..., Pyy_,, Py, } to which correspond a weight matrix W such
that Q) = P and N = |P|.

PROOF. Denote the set of points in Q¢ by {G, @, ..., Jy}. Denote gy as b and or-
der QF such that b has exactly one non-zero element. We can iteratively apply Lemma
1 with ¢ = ¢; and § = ¢, from i = 1 to N — 1 to yield a set of features F' =
{Poy; Pors - Poy_y, Poy_, }. Lemma 1 tells us that there is a set of weights W such that
P — {5} C ), where ) is the set of histories that T correctly models.

In the worst case, b ¢ Q. Let j be the index such that b; # 0. Let Wy, , ..., Wy, , and
W, ..., W, bethe weight vectors corresponding to the constructed features 61, . .., Oy 1
and 0}, ...,0y_,. Note that Wy, = —Wjy, Vi = 1... N — 1. Denote the weight vector cor-

responding to the j™ element of the context vectors by W;. Let ¢; ; be the j element
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of the vector ¢;, and denote the vector of activations Wg; by ¢;. We have that {2 = P if
¢; = a; Vi =1...N, where q; is proportional to p(¢;) and large. With the above construc-

tion, this yields the following:

o1 = Wo +Wiq; =a
Qbi = ng—ngfl—l—qu,-J:a,- Vi=2...N-—-1

on = —Woy , +Wiqi;

This system of equations can be put in matrix form, with Wy, , ..., Wy , W; as vari-
ables, and shown to have a solution, provided Zf\i _11 ¢ij+1 # 0, which is clearly true in this
case since ¢; ; > 0 Vi. The solution gives a set of weights W such that ¢; = a; Vi =1... N,
and therefore such that P = €. To conclude, there is a set of features, as constructed above,
for which we can find a weight matrix W that causes all history vectors to be correctly mod-

eled. ]

THEOREM 1. Given a set of histories P, a sufficiently small learning rate and provided
that k < |P| — 1, an algorithm which adds features based on random subsets of P must

converge to {2 = P.

Note that the above theorem assumes that features are triggered by any saliency vector
in their subset. This provides a second possible implementation of the algorithm, albeit one

which would be expected to perform worse, especially for high k.

PROOF. Lemma 2 tells us that there exists a set of features F' to which corresponds a
weight matrix W such that P = ). Since features are added uniformly randomly, it is easy
to see that all features in F' must eventually be added. Furthermore, it is well known that
gradient descent on a linear approximation converges to the global minimum. Therefore,

we are assured that

(i) There is a time t; at which all f € F will have been added.
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(i1) There is a time ¢, after which W,, is sufficiently close to 1V, or is a better solu-

tion.

By Lemma 2, it follows that after ¢, {2 = P. ]

THEOREM 2 (Main Theorem). Given a set of histories P, a sufficiently small learning
rate and provided that k < |P| — 1, the modified algorithm presented in this chapter must

converge to ) = P.

Note that Lemma 2 cannot directly be used, as it requires that | P;| = k Vi.

PROOF. For a history ¢ to be added to a feature set P,, it must be that ¢ € Q°, by the
algorithm’s definition. Consider a random subset I, from Lemma 2. In this case, only a
subset (Qg, C Fy,, such that () C QC, actually corresponds to the feature. However, for any
7 € Qg,, then either ¢ € Qg or ¢ ¢ (P@i U Pg;) — (Pgi N ng); the converse is also true. In
effect, for two subsets P, and Pg;, their intersections must contain the same points in 0c.
From this, it can be seen that Lemma 2 can still be applied. The rest of the proof follows

Theorem 1. O
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CHAPTER 6

Experimental Results In Feature Construction

Chapter Outline
This chapter discusses various experiments that were performed with the modified

algorithm in order to verify its capacities.

6.1. Goals and Methodology

This section takes a similar direction as the previous one which described experimen-
tal results concerning the simple algorithm. My chief goal here is to study how fea-
ture construction helps the prediction of sequences, and whether this can be done with
greater efficiency than if a simple Markovian Model was used. Recall that a full %" order
model with m different possible symbols is usually stored as a probability table, requir-
ing O((m — 1)m*) parameters. It is possible to reduce this by storing experience in a
tree and only considering sequences that in effect occur, as was done in [Ron et al., 1996;
McCallum, 1995]. At the very least, the system should not add more features than the num-
ber of sequences which are observed; in the best case, it should do so only for the restricted
number of sequences which are incorrectly predicted by the basic model. The number of
parameters which my algorithm requires is O(m? + mNy).

Throughout this chapter I will refer to the algorithm which adds no features as the
‘basic’ algorithm. Unless otherwise mentioned, the parameters used were v = (0.8 and ¢ =

0.1. The random subsets P are made by sampling without replacement half of the points
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in the full set of possible histories, P. Results are given as an average of 30 independent
trials.

Most of the performance reported in this chapter takes two forms: the KL divergence
(see Section 4.1), which compares two probability distributions, and the number of features
added, which is a measure of the complexity of the resulting system. The KL divergence
reported during training is an average over 200 test episodes. I used the total variation

divergence criterion in the experiments, as it was found to be more robust.

6.2. The Four Points Task
6.2.1. Description

A good starting point to determine the validity of the feature construction part of the
algorithm is to use the Four Points task (see Section 5.1), which I showed cannot be learned
using the basic algorithm. To summarize the task, there are four possible observations: A,
B, C'and D. Each episode consists in one of the following four sequences: ABC, BAD,
AC or BD. These occur with equal probability, such that the agent should initially predict
Aor B w.p. 0.5, then the following symbol w.p. 0.5. If the second symbol is a B or an A,
then the agent should deterministically predict the last symbol. This part is the one which
should demonstrate that the feature construction algorithm performs better than the basic
one. For this task, each agent was trained for 10,000 episodes. The number of training
episodes after which the system determines whether to add a new feature, [, was set to

1000.
6.2.2. Comparison With The Basic Algorithm

Figure 6.1 plots the performance of the basic algorithm against that of the improved
algorithm. I chose to display three values of 9, the divergence threshold, to show that the
superiority of this approach is not due to a tweaking of parameters.

It is clear that beyond a certain number of training episodes, the basic algorithm stops

learning. Tests done with additional training episodes did not improve that performance.
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Performance of the Modified ALgorithm on the Four Points Task
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FIGURE 6.1. Performance of the basic algorithm, compared with that of the feature

construction algorithm, in the Four Points task.
The feature construction algorithm, on the other hand, learns as quickly as the basic al-
gorithm for the first 1000 episodes, then has the chance to add a feature, which results in
better performance afterwards. On average, with 6 = 0.3 the agent added 1.35 features
(between 1 and 2); this value was 1.11 for 6 = 0.4. For 6 = 0.5, the agent added only one
feature, which is all that is required to learn the task. In other cases, the second feature was
added before learning with the first one had been completed, yielding redundancy.

The next logical step is to study the effect of the divergence threshold on the task;
especially, whether the algorithm is sensitive to the choice of threshold. Figure 6.2 shows
how the performance of the algorithm (in terms of the average KL divergence over 200
test episodes) varies with the choice of . Simultaneously, it also shows the number of
features added in fuction of 9. Unsurprisingly, performance increases as ¢ is reduced,
whereas the number of features increases. One thing to keep in mind is that with higher
values of 9, units were added at a later point during the training, which resulted in a higher
Dy, simply because the algorithm could not progress beyond a certain point without an

additional feature. In all cases, the number of features added is relatively small, and the
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6.3 THE HALLWAY TASK

Performance and Size in Function of Divergence Threshold
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FIGURE 6.2. Effect of the divergence threshold ¢ on the feature construction algo-
rithm, in terms of the number of features added to solve the task and the end KL
divergence.

performance is much better than the basic algorithm’s. Note that the results shown in Figure
6.2 were averaged over 100 trials rather than 30, to obtain a smoother graph. The average
KL divergence for the basic algorithm is not reported on this graph as it was much higher,
namely 0.197.

The feature construction therefore seems robust enough to large changes in 9, and can
clearly help predicting symbols. Good values of 9 are found to be between 0.3 and 0.4.
Since it seems reasonable to desire that the system add features not only efficiently but also

early in the training phase, a value of 9 = (.3 seems the best choice, at least for this task.

6.3. The Hallway Task

The Four Points task has little merit beyond showing, empirically, that my proposed
feature construction algorithm helps the system predict future percepts. A more interesting

task is one that has appeared previously in the literature. For this purpose, I chose a task
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found in [McCallum, 1995], called the Hallway task, which has since been re-implemented
as a regular POMDP.

6.3.1. Description

The Hallway task consists in a simple two-dimensional maze where the agent can move
in any of the four cardinal directions. Its sensors restrict it to detect walls immediately
surrounding it. The result is that many states are perceptually aliased. In effect, there are
16 (2%) possible observations, corresponding to encoding the presence of each wall as a
bit. As was discussed in Section 2.3.2, actions are not part of my proposed framework.
One way to go around this problem is to view actions as observations. For example, the
system could be set up to receive two percepts at every time step, one of type ‘action’
and the other of type ‘observation’. There are many issues involved with this, however,
the main one being that when there are very few actions, their weights become trained to
produce an average distribution over the possible observations. Rather than doing this, I
chose to create a new percept, which consists of an action-observation pair. Formally, given
an observation ¥; and the action following it, a;, the percept p; that the system receives is
< Yy, a; >. Everything that has been discussed so far can be done in this way. It will be
important to keep this in mind in the following sections, as this means that the agent predicts
the following action-observation pair. To keep results intelligible, I have chosen to report
observation probabilities rather than action-observation probabilities, when necessary. KL
divergence values, however, were computed using the latter. The maze I chose to use for
training is depicted in Figure 6.3. The experimental setup in this task is a modified version
of the previous one, since convergence times were much slower. The learning rate ¢ was
set to 0.1, and the number of training episodes to 500,000. To allow features to be added
with more precision, I chose [ = 2000.

The original task is a POMDP, which means that the goal of the agent is to discover
the policy - a mapping from state, or belief state, to actions - which yields the highest sum
of rewards. For my proposed algorithm, reward is not directly handled. As such, I chose to

ignore this completely, and focus solely on predicting future observations. This also means
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FIGURE 6.3. Left: A map of the hallway used for experiments. Each state is
labeled with the corresponding observation: the directions that are not blocked by
walls. The center state, labeled ‘G’, is the end state. Right: A depiction of the
policy followed by the agent.

that there is no possibility for the agent to improve its policy, as there is no well-defined
notion of improvement (unless one considers reducing the model’s error). The goal state
then becomes simply an end state - one in which the episode terminates. In this task, an
episode starts in any of the non-goal states; the agent then follows a deterministic policy

(this requirement will be lifted in Section 6.3.5). Figure 6.3 depicts this policy.
6.3.2. Comparison With The Basic Algorithm

The starting point of my empirical study of the algorithm’s behavior when used in
the Hallway task is a comparison with the algorithm which does not add features. Figure
6.4 plots the performance (in terms of the KL divergence) for this algorithm and for three
values of 9, namely 0.3, 0.4 and 0.5. It also compares the growth of the feature vector over
time for these three values of ¢.

Clearly, for all values of ¢ the modified algorithm perform better than its basic coun-
terpart. As expected, as 0 is decreased the algorithm performs better and learns faster, but
at the cost of many more features. In fact, for ) = 0.3 the algorithm sometimes constantly
adds one feature at the end of every phase of partial model learning. Many of these fea-
tures are redundant as the algorithm could model the task without them if it were given

more training time. As such, it seems that a value of 6 = 0.4 is a reasonable compromise
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Comparison of the Algorithms’ Performance During Testing Average Number of Features Added During Training
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FIGURE 6.4. Left: Performance of the basic algorithm and of the feature construc-
tion algorithm for three values of ¢ (0.3, 0.4 and 0.5). Right: Growth of the feature
vector for the same three values of 6.

between performance (it attains the same value as 6 = 0.3 in about as many episodes)
and size. For § = 0.3 and 0.4, the number of features added seems to decrease over time,
which is a good sign. It should be noted that the total number of histories that the system
can encounter in this task is 317. Adding this many features means having one dimension
per possible history, which would be overfitting. Here, on the other hand, the algorithm is
adding fewer units, at least for 6 > 0.4. This suggests that it is achieving some level of
compression. An average KL divergence, however, does not indicate where the algorithm
is making mistakes and how they are making them. The next section will address this need

by looking at a restricted set of testing examples.
6.3.3. Looking at an Ambiguous Sequence

One way to study more closely the performance of prediction algorithms is to focus
on one single sequence from start to goal, where it is known that features are needed. The
sequence which I chose for these simulations is shown in Figure 6.5.

Looking at a single sequence biases the empirical results, as it might be that the se-
quence I chose is one on which feature construction does particularly well. However, the

feature construction algorithm acts at the level of individual, mispredicted saliency vectors.
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<—

FIGURE 6.5. The testing sequence used to measure the performance of the feature
construction algorithm in the Hallway task.

This approach makes sense if one considers reward, since it is often the case that very un-
likely states contain high rewards (e.g. tasks that require a very precise policy, such as the
Bicycle Driving task of [Randlov and Alstrom, 1998]).

The KL divergence at each step in the test sequence is reported in Figure 6.6, for the
same parameter settings as before. The results are averaged over 30 independent trials.
This particular sequence was chosen because it exhibits the same behavior as the ‘AAB’ /
‘B’ example given in Section 5.1 in the repeated ‘NS’, ‘NS’ observations. In fact, I trained
some agents on a simpler version of the hallway task, where the system either starts in the
‘ES’ corner, or the start state used in this testing sequence. The results were exactly as
suggested by the derivation in Section 5.1, namely that the basic algorithm cannot solve
this task. As an additional verification, I trained the basic algorithm for 1 million episodes
(10 times as long). No significant improvement could be seen from the results reported
below.

First and foremost, it is clear that the basic algorithm completely fails at predicting
the ‘ES’ observation, which is expected. The ‘ESW’ observation also seems to be signifi-
cantly badly predicted, as well as the ‘NS’ observations and the second ‘EW’. Clearly it is
learning, since for some observations (including the goal) it has reduced the KL divergence
to a small value. It should be pointed out that the first ‘EW’ percept is easily predictable
because it depends on the ‘ES’ observation, which occurs only once and so gives the state

of the system.
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Performance of Algorithms on Specific Sequence
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FIGURE 6.6. Performance of the basic and feature construction algorithms on a
specific sequence. The observation at each time step is given under the data.

For the ‘ES’ and the ‘NS’ observations, the modified algorithm is systematically able
to add features to correctly predict this. Its poor performance on the first two ‘NS’ can
be explained by the fact that the algorithm must predict a distribution over future percepts
(‘NS’ is one of them, along with the corner observations). The learning rate of 0.1 might
restrict the algorithm from learning it completely. Nevertheless, features seem to have
improved the performance at this level compared to the basic algorithm.

Finally, the case when 0 = 0.5 clearly shows that a higher threshold prevents from
adding units which significantly help predict. This is exemplified in the second ‘EW’ and
the ‘ESW’ observations, which the 6 = 0.5 algorithms cannot learn. On the other hand,
there is no clear difference between a choice of 6 = 0.3 and 6 = 0.4, aside from many more
features. The results strongly suggest that feature construction can significantly reduce
the prediction error for individual patterns in the Hallway task, without requiring many

additional features.
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FIGURE 6.7. Left: Performance of the feature construction algorithm in function
of §. This performance is measured in terms of the testing sequence. Right: The
same performance, when [ is varied. ¢ here is 0.4.

6.3.4. Effect of Parameters on Performance

Studying the effect of the § parameter is crucial as it controls the memory complexity
of the algorithm. Clearly, if ¢ is too low then the system will perpetually add units; this
is something which occurs in other on-line feature construction algorithms [Bellemare,
2006]. For ¢ too high, on the other hand, the algorithm might fail to detect patterns of
interest. Furthermore, the number of episodes [ between rounds of feature construction is
tied to ¢ in the following way: in order to properly detect discrepancies between the partial
and full models, the algorithm must have sufficient time to correctly re-learn the partial
model. As such, I will study in this section the effects of these two parameters on the
performance of the algorithm.

Figure 6.7 depicts the result of varying those parameters. Unsurprisingly, the number
of features added seems to grow as ¢ is reduced. In all cases the algorithm does not reach
the limit of 250 units it can add over time. The performance of the algorithm, however, also
decreases monotonically for o > 0.4; there are two reasons for this. First, runs with higher
values of ¢ do not add critical features required to minimize the error. Secondly, they may
add such features at a later point in training time, due to the imperfection of the partial
model. What is more interesting, however, is the fact that for § < 0.4, there seems to be no

significant change in performance, although more features are added for lower values of 9.
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This is potentially due to the fact that at this point, the algorithm has learned all that there
is to be learned about the task (for a given learning rate). Regardless of ¢, the algorithm
performs better than the basic algorithm. This is good because in a task where there might
be a large amount of noise or where there is a danger of overfitting, a high value of 6 may
be selected while preserving better performance. As a side note, the global KL divergence
behaves in a similar fashion as the performance over the test sequence.

The results of varying the number of episodes between feature construction rounds
also give a very interesting picture. Incidentally, my choice of [ = 2000, which was only
motivated by the ad hoc observation that [ = 1000 yielded a high amount of features,
turns out to be the best parameter choice. Apart from presenting the lowest D, it also
has a manageable number of features. In fact, for [ < 1000, there are more features than
histories, due to the fact that the partial model cannot be trained suitably before a feature is
added. Although the results for [ < 2500 are not necessarily significantly different, beyond
that point the performance of the algorithm suffers. This can be explained by the fact that
the system adds units at a slower rate, causing higher end Dy . Of course, this measure
would reach the same level if more training episodes were used, but this is something to
be avoided when possible. It is also interesting to note that the number of features added
seems to be exponential as [ is decreased. For [ = 5000, this is 40 features, which is quite
reasonable. However, there is no telling that the algorithm would not add more features,
were it given more time. Finally, one last issue to consider is that / might need to be much
greater for stochastic tasks such as the one presented in the following section. Note that
the average KL divergence for the basic algorithm on this task, as reported before, is 0.132,

much higher than the divergence for any choice of [ when § = 0.4.
6.3.5. Using a Probabilistic Policy

So far, the simulation results which I have shown all depend on the agent taking a
deterministic policy. This is the kind of task on which Suffix Trees [Ron er al., 1996;
McCallum, 1995; Holmes and Isbell, 2006] often perform well, because the next obser-

vation is unambiguously determined given a sufficient history. In this section, I consider
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FIGURE 6.8. A depiction of the stochastic policy followed by the agent.

modifying the policy so that in some states, the agent uniformly randomly pick its next
action (see Figure 6.8). The choice of these four locations is not arbitrary: they all pro-
duce the ‘NS’ observation, and they exhibit pairwise symmetry. For example, if the agent
started only the center left and right states, then it should predict observing ‘NS’, ‘NS’ and
then one of the two corner observations, based on the actions taken. Initially, I attempted
to make the policy be stochastic in all states, but by the virtue of stochastic processes the
expected episode length turned out to be a fairly large number.

The main challenge posed by this change in the Hallway task is that even if the starting
state is known, the episode length is variable. This property of some Markov Chains was
studied in Section 4.3.2 and the algorithm was found to be able to cope moderately with
it. The feature construction algorithm can palliate to the problem of variable length by
adding features. However, it cannot cleanly deal with such a system in general, since this
requires explicitly considering loops, as is done in [Holmes and Isbell, 2006], or using a
belief vector, as is done in HMMs and POMDPs. For the first 1000 episodes, empirical
tests yielded between 1200 and 1400 possible sequences, much more than the previous
317.

Figure 6.9 compares the performance of the basic and modified algorithms when trained
on the stochastic policy with their performance when trained with the deterministic policy.

Results on the stochastic policy for 6 = 0.2 are also shown. For § = 0.4, the algorithm
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FIGURE 6.9. Performance of the algorithm on the stochastic policy Hallway task.

trained on the deterministic policy had an average of 118.8 features added (std. deviation of
6.9); when trained on the stochastic policy, the average was 140.07 (std. deviation of 18.8).
For ¢ = 0.5, these numbers were 42.0 (4.6) and 25.3 (9.0), respectively. One thing to note
is that the basic algorithm does not always perform better for a given observation when the
policy is deterministic: this can be explained due to the change in the probability of ob-
serving a symbol (such as the ‘ES’ symbol, which now occurs less often). When 6 = 0.4,
feature construction always helps on this sequence, except for the ‘ES’ and ‘ESW’ symbols
which are not predicted any better. For 6 = 0.5, the results are more troubling: the feature
construction algorithm never performs better than the basic algorithm! One thing to keep
in mind here is that the size of the subset of points on which the partial model is trained is
roughly 650. Features may hinder the algorithm more than help by adding additional di-
mensions which do not provide sufficient information to separate the points correctly. This
is an issue that should not arise if the partial model was perfectly trained. As discussed in

Section 6.3.4, this is not sometimes which is achievable under the current scheme.
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6.4. Discussion

Feature construction in this context is clearly beneficial to the performance of the al-
gorithm. Both the Four Points task and the Hallway task yield much lower KL divergence
when features are added. This comes with added complexity, which is reflected in the
variability in the results when the § and [ parameters are varied. This is a known issue
in feature construction algorithms [Adams and Waugh, 1995], which must cope with both
learning a task and its structure simultaneously. The basic algorithm, akin to feedforward
neural networks, is forced into a given structure, and therefore is less sensitive to changes
in parameters. One way to handle this is to idevise stronger divergence measures, but this
often yields a more complex algorithm. This topic will be discussed in greater detail in
Chapter 7.

In order of importance, ¢ affects the performance more than [, but changing [ gives
drastically different number of features added. Of interest is the fact that in both cases, the
number of features added smoothly decreases as the parameter values increase. Unfortu-
nately, the choice of parameters yielding the smallest D depends on the task.

Another issue which should be studied is that in all cases presented above, the modified
algorithm yielded much better performance than the basic algorithm. In the Four Points
task, this is because the said task was crafted to demonstrate the principle. In the Hallway
task, however, it might be that the algorithm is simply overfitting the data presented to it.
It is not clear whether it is desirable to do so. On one hand, learning to handle especially
complicated sequences is good, because it ensures that the algorithm can cope with any
task. On the other hand, if such sequences occur very rarely - as is the case here -, then
adding features for them might cause overfitting. Worse, rarely occuring sequences which
are badly predicted are unlikely to be accurately learned by the partial model in a reasonable
amount of time, and so features representing them may be repeatedly added. This can be the
case for a stochastic task such as the one which was presented above, where performance

greatly suffers.
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CHAPTER 7

Conclusions and Future Work

7.1. Contributions

In this thesis I have explored using a context vector in order to summarize history. I
have discussed how to use this vector to predict future observations through a simple linear
scheme combined with a Boltzmann distribution. I have presented the algorithm in such a
way that it can be used on continuous state spaces, although my work has been restricted
to symbolic (discrete) state spaces. Experimental results with tasks involving simple prob-
abilities show that such a framework can indeed learn, in an on-line fashion, a wide range
of probability distributions. The second part of my thesis builds on the first to develop a
feature construction algorithm which can help the prediction process by discovering hard-
to-learn points. I have briefly shown that some points cannot in fact be learned at all using
the basic model. I have given empirical results showing that the additional features created

by the algorithm allow it to predict nearly perfectly future observations.

7.2. Discussion

Many issues, however, remain unsolved. The drawback of the algorithm is the learning
speed. It requires a large amount of samples, even for very simple tasks, where a simple
Markov Model could learn with only a few episodes. There are two clearly identifiable
causes of this. First, the Boltzmann distribution is by its very nature a global one (and

in fact a Bayesian approach to statistics). The initial distribution is uniform, which is
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desirable; however, the probability of a certain observation is never zero, regardless of
the weight matrix. This leads to slower learning, because the algorithm must go against
a prior distribution to learn the model. Markov Models and Probabilistic Suffix Trees do
not suffer from this because they take a frequentist’s view of the problem. The problem
becomes dramatic for my algorithm when the number of symbols is increased, because
each individual symbol must overcome the ‘mass’ of more symbols to be predicted. The
second issue that causes slower learning is the fact that the algorithm proceeds in an on-
line fashion. PSTs [Ron et al., 1996; Holmes and Isbell, 2006] and Utile Suffix Memory
[McCallum, 1995] assume a batch of data, which they use to construct new features and
learn about the world. My proposed framework, on the other hand, uses each sample only
once, never looking at it in conjunction with others. This makes my approach very similar
to on-line training of neural networks, which can suffer from slower learning due to the two
issues outlined above.

Although the basic algorithm is clearly outperformed by the feature construction ap-
proach, the latter introduces more parameters and instability in the learning process. This is
because determining how to add features, especially when done without a batch of data to
compute statistics, is not a noise-free procedure. Especially, as can be seen in the Hallway
task of Section 6.3, the partial model can take a very long time to converge. In fact, I have
empirically studied the KL divergence of the partial model (which is reset every so often)
and that of the full model. Although not directly comparable, there is a point during the
learning process where the partial model cannot reach better performance, even though it is
trained on a smaller set of examples. This is in part due to the tuning of the weights which
happens at a later stage during training. This suggests that the partial model might not be
able to accurately discern which points to keep as part of a feature’s set.

In Chapter 2, I discussed many other approaches that can learn to predict sequences.
Rather than carrying out an empirical comparison of these various algorithms with respect
to mine, I chose to focus on studying the behavior of the algorithm on different tasks.
Because this is a relatively new algorithm, I was interested in determining its flaws and

weaknesses. Some of the tasks were crafted explicitly for this purposes.
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Furthermore, the proposed algorithm has the merit of being fairly straightforward to
implement. Batch methods such as PSTs and Utile Suffix Memory require statistical tests
and special data structures. It is also not too sensitive to the choice of parameters, as op-
posed to recurrent neural networks which require cross-validation and fine tuning. Finally,
it requires fewer samples than what is usually reported as necessary for Predictive State

Representations.

7.3. Future Work

My proposed algorithm can be expanded in many ways, as most parts do not depend
on the behavior of other sections. The clearest way to improve it would be to obtain a better
method for detecting whether a given set of histories yields incorrect prediction. One way
of doing this would be to break down the partial model into many smaller partial models.
For example, rather than training one set of weights W on a subset P, one could train N
sets Wi,...,Wy on a corresponding number of different (and smaller) subsets of data.
The learning rate could then potentially be raised, leading to faster convergence of each
restricted model. Reducing the size of the subset on which the partial model is trained must
necessarily allow for the discovery of more incorrect predictions.

Another way to improve the algorithm computationally would be to summarize the
histories which trigger a feature, rather than keep them in a set. In effect, the hidden units
of a neural network do exactly this: they trigger when a pattern from a given set occurs in
their inputs. However, since the sigmoid unit which is used is a threshold function which
cannot act on a local portion of the state space, a sigmoid unit could not be used to generate
the algorithm’s features. On the other hand, a mixture of a few Gaussians may be sufficient.

Although a good value for the divergence threshold § was found in the empirical results
of Chapter 6, there is an inherent issue that arises with using this to determine whether to
add a feature. Some histories may be linked with a high divergence, because they are
especially hard to predict; one may want to have a single feature for each such history.

On the other hand, histories that have relatively low error may be bunched up together. It
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would then be interesting to let the algorithm add features based on the sum of the errors,
rather than individual errors, and only add features while the sum is below a certain value.

There is another aspect of the algorithm which I have not discussed so far, but which
was originally the focus of my work. The name ‘context vector’ comes from the fact
that the vector is meant to represent a filtered history. As such, it would be of interest to
make it vary over time in a better way rather than simply keeping track of the history. In
effect, this is what is done in [Elman, 1990] and other recurrent neural network approaches.
Modifying the context vector through a set of weights, however, gives rise to the problem of
backpropagating through time [Hochreiter and Schmidhuber, 1997]. In order to properly
modify the weights of a recurrent sigmoid unit, one must unfold the neural network to
the beginning of the sequence. This is because errors propagate through time as well as
through ‘space’. This is clearly a very computationally expensive approach, since for long

sequences the error has to be propagated backwards many times.
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